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INTEGRAL DELIGNE COHOMOLOGY FOR REAL
VARIETIES
PEDRO F. DOS SANTOS AND PAULO LIMA-FILHO
Abstract. We develop an integral version of Deligne cohomology for
smooth proper real varieties Y . For this purpose the role played by
singular cohomology in the complex case has to be replaced by ordi-
nary bigraded S-equivariant cohomology, where S := Gal(C/R). This
is the S-equivariant counterpart of singular cohomology; cf. [LMM81].
We establish the basic properties of the theory and give a geometric
interpretation for the groups in dimension 2 in weights 1 and 2.
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1. Introduction
Integral Deligne cohomology Hn
D/C(Y ;Z(p)) for a complex variety Y has
been widely studied in the literature. When Y is smooth and proper, it is
defined as the hypercohomology group Hn(Y,Z(p)D/C) of the complex
(1) Z(p)D/C : 0→ Z(p)→ O d−→ Ω1 d−→→ · · · → Ωp−1,
where Z(p) is the constant sheaf (2πi)pZ and Ωj is the sheaf of holomorphic
j-forms. More generally, one can extend this setting to arbitrary complex
varieties using suitable compactifications and simplicial resolutions, along
with forms with logarithmic poles, and the resulting theory is called Deligne-
Be˘ılinson cohomology; see [Be˘ı84]. An excellent account can be found in
[EV88]. The theory is complemented by a homological counterpart and
together they are shown to satisfy Bloch-Ogus’ formalism [BO74]; cf. [Gil84]
and [Jan88].
In this paper we develop an integral version of Deligne cohomology for
smooth proper real varieties. For this purpose the role played by singular co-
homology Hnsing(Y,Z(p)) in the complex case has to be replaced by ordinary
bigraded S-equivariant cohomology Hn,pBr (Y (C),Z), where S := Gal(C/R).
This is the S-equivariant counterpart of singular cohomology; cf. [LMM81].
We must emphasize that the ordinary equivariant cohomology of a S-
space X is not obtained as the singular cohomology of the Borel construction
ES ×S X. In fact, the “Borel version” of equivariant cohomology is just
Hn,0Br (ES × X,Z) and, more generally, Hn,pBr (ES × X,Z) ∼= Hn(ES ×S
X;Z(p)), where the latter denotes cohomology with twisted coefficients Z(p).
The bigraded version stems from the RO(S)-graded equivariant cohomology
theories developed by J. Peter May et al. in [LMM81], [LMSM86] and
[May96]. With weight p = 0 ordinary equivariant cohomology was developed
in [Bre67] and hence, for simplicity, we call it Bredon cohomology even with
non-zero weights, thus explaining the notation Hn,pBr (X,Z).
From a motivic standpoint, this difference can be expressed by saying that
ordinary equivariant cohomology is to its Borel version as motivic cohomol-
ogy is to its e´tale counterpart (e´tale-motivic cohomology; cf. [MVW06]). In
fact, this setting is much more that a mere analogy, once one observes that
the topological realization of the A1-homotopy category of schemes over R
lands in the S-equivariant homotopy category. This realization carries mo-
tivic cohomology to ordinary bigraded equivariant cohomology, and carries
e´tale-motivic cohomology to Borel equivariant cohomology (with twisted
coefficients). See [MV99] and [DI04] for details.
Let An/R denote the category of real holomorphic manifolds, whose ob-
jects are pairs (M,σ) consisting of a holomorphic manifold M together with
an anti-holomorphic involution σ, and whose morphisms are holomorphic
maps commuting with the involutions. We consider those objects as hav-
ing an action of S and give An/R the structure of a site using equivari-
ant open covers. In order to introduce Deligne cohomology for proper real
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holomorphic manifolds, we construct a real version Z(p)D/R of the Deligne
complex (1) on the site An/R and define
(2) Hn
D/R(M ;Z(p)) := Hˇ
n(Meq;Z(p)D/R).
The construction of Z(p)D/R involves a replacement of the constant sheaf
Z(p) by a complex Z(p)Br which computes ordinary equivariant cohomology;
cf. [Yan08]. The key technical construction is a morphism of complexes
τp : Z(p)Br −→ E∗,
where E∗ is the complex of sheaves on An/R such that Ej(X) consists of those
smooth complex-valued differential j-forms invariant under the simultaneous
action of S on X ∈ An/R and C. Using this complex we define
Z(p)D/R := Cone
(
Z(p)Br ⊕ F pE∗ τp − ı−−−−→ E∗
)
[−1]
where F pE∗ is the p-th piece of the Hodge filtration.
Amongst the basic properties of the theory are the evident long exact
sequences and the fact that it recovers the usual theory for complex varieties.
More precisely, given a complex projective variety YC, let and YC/R denote
the associated real variety obtained by restriction of scalars.
Proposition 3.2. Let YC be a proper complex holomorphic manifold and let
X be a proper smooth real algebraic variety.
i. One has natural isomorphisms
H i
D/R(YC/R;A(p))
∼= H iD/C(YC;A(p)),
where the latter denotes the usual Deligne cohomology of the complex
manifold YC. (See Remark 2.1.)
ii. If XC is the complex variety obtained from X by base extension, the
corresponding map of real varieties XC/R → X induces natural homo-
morphisms
H i
D/R(X;A(p)) → H iD/C(XC;A(p))S,
where the latter denotes the invariants of the Deligne cohomology of the
complex variety XC.
iii. One has a long exact sequence
(3) · · · → Hj−1sing(X(C),C)S → HjD/R(X ;A(p))
ν−→
→ Hj,pBr (X(C), A)⊕
{
F pHjsing(X(C);C)
}S ◦ϕ−ı−−−−−−→ Hjsing(X(C);C)S → · · ·
HereX(C) denotes the set of complex points of X with the analytic topology
and
{
F pHj(X(C);C)
}S
denotes the invariants of the p-th level of the Hodge
filtration on singular cohomology, under the simultaneous action of S on
X(C) and on the coefficients C of the cohomology.
We define Deligne cohomology with negative weights p < 0 to coin-
cide with ordinary equivariant cohomology. Using this convention, we give
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8 0 R/Z(8) Z× 0 Z× 0
7 0 R× 0 Z× 0 Z×
6 0 R/Z(6) Z× 0 Z× 0
5 0 R× 0 Z× 0 Z×
4 0 R/Z(4) Z× 0 Z× 0
3 0 R× 0 Z× 0 0
2 0 R/Z(2) Z× 0 0 0
1 0 R× 0 0 0 0
0 Z(0) 0 0 0 0 0
-1 0
-2 2Z(−2)
-3 Z×
-4 Z× 2Z(−4)
-5 Z× 0 Z×
-6 Z× 0 Z× 2Z(−6)
-7 Z× 0 Z× 0 Z×
-8 Z× 0 Z× 0 Z× 2Z(−8)
-5 -4 -3 -2 -1 0 1 2 3 4 5
Table 1. Cohomology of a point
⊕n,pHnD/R(X;Z(p)) a bigraded ring structure compatible with various func-
tors in the theory and having many computational properties. For example,
the bigraded group structure of the cohomology of a point X = Spec(R) is
displayed in Table 1 above, and its ring structure is displayed in Table 2,
subsection 3.2.
Using this product structure we obtain obtain formulae for the Deligne
cohomology ring of some relevant examples, such as:
Corollary 3.9. Under the hypothesis of Proposition 3.8, one has an iso-
morphism of bigraded rings
H∗
D/R(X;A(∗))[T ]/〈T p+1〉 ∼= H∗D/R(X × Pp;A(∗))
when T is given the bigrading (2, 1).
A more general projective bundle formula together with a theory of charac-
teristic classes appear in a forthcoming paper.
The cases of weights p = 1 and p = 2 have interesting geometric inter-
pretations. We first show that Z(1)D/R is quasi-isomorphic to O
×[−1], cf.
Corollary 4.6, and derive as a consequence an exponential sequence relating
the cohomology of Z(1)Br, O and O
×:
Corollary 4.7. Let X be a smooth proper real algebraic variety. Then there
is a long exact sequence
→ H∗,1Br (X(C);Z)
ϑ
−→ H∗(X;OX)
exp
−−→ H∗(X;O∗X)→ H
∗+1,1
Br (X(C);Z)→
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where ϑ denotes the composite
H∗,1Br (X(C);Z)
τ1−→ H∗(X(C);C)G։ H∗(X;OX ) = H∗,1∂ (X(C))
G,
and the latter denotes the invariants of the Dolbeault cohomology of the
complex manifold X(C).
When X is a curve, the exponential sequence then gives:
Proposition 4.10. Let X be an irreducible, smooth, projective curve over
R, of genus g. Then Pic(X) ∼= Pic0(XC)S×H2,1Br (X(C),Z).
As a corollary to this proposition we provide a new proof of Weichold’s
Theorem – a classical result in real algebraic geometry which determines
the Picard group of a real algebraic curve.
In order to give a geometric interpretation of H2
D/R(X;Z(2)) for a real
projective variety X we first provide in Proposition 5.3 alternative inter-
pretations of the Bredon cohomology group H2,2Br (Y,Z) for any S-manifold
Y. Using Atiyah’s terminology in [Ati66], a Real vector bundle (E, τ) on a
S-manifold (Y, σ) consists of a complex vector bundle E on Y together with
an isomorphism τ : σ∗E → E satisfying τ ◦ σ∗τ = Id. Now, consider the set
L2(Y ) of equivalence classes of pairs 〈L,q〉 satisfying:
p1) L is a (smooth) complex line bundle on Y ;
p2) q : L⊗σ∗L→ 1Y is an isomorphism of Real line bundles, where L⊗σ∗L
carries the tautological Real line bundle structure.
It follows that L2(Y ) becomes a group under the tensor product of line
bundles and we show that this group is naturally isomorphic to H2,2Br (Y,Z) .
Now, let S = π0(Y
S) denote the set of connected components of the fixed
point set Y S, and identify H0(Y S;Z×) ≡ (Z×)S . Given 〈L,q〉 ∈ H2,2Br (Y,Z),
the restriction of q to L|Y S becomes a non-degenerate hermitian pairing, and
hence it has a well-defined signature ℵ〈L,q〉 ∈ (Z×)S . We call
ℵ : H2,2Br (Y,Z)→ (Z×)S
the equivariant signature map of Y and the image ℵtor(Y ) ⊆ (Z×)S of the
torsion subgroup H2,2Br (Y,Z)tor under ℵ is called the equivariant signature
group of Y. In the case where Y = X(C) for a real algebraic variety X with
S = π0(X(R)), we denote the equivariant signature group of X(C) simply
by ℵtor(X). For example, if X is a real algebraic curve, then ℵtor(X) is the
Brauer group of X; see Section 4.
Given a proper real variety X, let PW∇(X) denote the set of isomorphism
classes 〈L,∇,q〉 of triples where L is a holomorphic line bundle over X(C),
∇ is a holomorphic connection on L and q : L⊗ σ∗L→ 1 is a holomorphic
isomorphism of Real line bundles satisfying the following properties:
(1) The restriction of q to X(R) is a positive-definite hermitian metric.
(2) As a section of (L⊗σ∗L)∨, q is parallel with respect to the connection
induced by ∇.
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One sees that the tensor product endows PW∇(X) with a group structure
which makes PW∇(X) the kernel of Ψ:
Theorem 5.10. If X is a smooth real projective variety then one has a
natural short exact sequence
0→ PW∇(X)→ H2
D/R(X;Z(2))
Ψ−→ ℵtor(X)→ 0.
This paper is organized as follows. Section 2 contains background infor-
mation and the key technical ingredients for the paper, including Proposition
2.8 which constructs the map of complexes τp : A(p)Br −→ E∗. In Section
3 we construct Deligne complexes A(p)D/R for any subring A ⊂ R and de-
fine the corresponding Deligne cohomology for proper smooth real varieties.
In this section we prove basic properties, introduce the product structure
and provide basic examples. In Section 4 we study the weight p = 1 case,
proving the quasi-isomorphism Z(1)D/R ≃ O×[−1] together with some ap-
plications. In Section 5 we study the group H2
D/R(X;Z(2)) and associated
interpretations of H2,2Br (X(C),Z). The proof of the main result, Theorem
5.10, is delegated to Appendix B. Section 6 contains a remark about num-
ber fields, where we give a ring homomorphism from the Milnor K-theory of
a number field to the “diagonal” subring of integral Deligne cohomology, and
we observe that the classical regulator of a number field can be described
in terms of the image of the change-of-coefficients homomorphism between
Deligne cohomology with integral and real coefficients, respectively; simi-
lar computations can be made for arbitrary Artin motives. In Appendix A
we describe the relationship between Esnault-Viehweg’s “Borel version” of
Deligne cohomology for real varieties and the theory discussed in this paper.
In a forthcoming series of papers we first extend this theory to an integral
Deligne-Beilinson cohomology theory for arbitrary real varieties, and study
its relation to a corresponding notion of Mixed Hodge Structures. Then
we provide a natural and explicit cycle map from motivic cohomology to
Deligne cohomology, directly using the approach in [MVW06]. This is an
alternative description, even in the complex case, of the maps discussed in
[Blo86], [KLMS06], [KL07]. The corresponding real intermediate Jacobians
and their relations to real algebraic cycles are also under study.
Acknowledgements. The first author would like to thank Texas A&M
University and the second author would like to thank the IST (Instituto
Superior Te´cnico, Lisbon) for their respective warm hospitality during the
elaboration of parts of this work; and the second author wants to thank
Spencer Bloch for inspiring conversation and pointed questions during a
visit to the University of Chicago.
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2. Ordinary equivariant cohomology and sheaves
We first introduce the various categories used throughout this article. Let
S := Gal(C/R) denote the Galois group of C over R.
a) The category of smooth manifolds with smooth S-action and equivariant
smooth morphisms is denoted S-Man. Let Cov(X) be the set of coverings
of X ∈ S-Man by open S-invariant subsets. These coverings give S-Man
a site structure whose restriction to X is denoted Xeq.
b) A real holomorphic manifold (M,σ) is a smooth complex holomorphic
manifold M endowed with an anti-holomorphic involution σ : M →M , and
morphisms between two such objects are holomorphic equivariant maps.
These comprise the category An/R of real holomorphic manifolds, with its
evident site structure.
c) We denote by Sm/R the category of smooth real algebraic varieties.
d) The categories of smooth holomorphic manifolds and complex algebraic
varieties are denoted An/C and Sm/C, respectively.
Remark 2.1. (1) If M is a complex manifold, denote M/R :=M ∐M ,
where M denotes M with the opposite complex structure. The map
σ : M/R → M/R sending a point in one copy of M to the same
point in the other copy of M is an anti-holomorphic involution. The
assignment M 7→M/R is a functor An/C → An/R.
(2) Given a real variety X ∈ Sm/R, let X(C) denote its set of complex-
valued points with the analytic topology. The natural action of S
on X(C) which a morphism of sites from Sm/R into An/R.
(3) We will denote a complex algebraic variety always as XC, and we
use XC/R to denote XC seen as a real variety. It follows that the set
of complex valued points XC/R(C) (over R) coincides with XC(C)∐
XC(C). The constructions above give a commuting diagram of func-
tors:
Sm/C //

Sm/R

An/C // An/R.
2.1. Ordinary equivariant cohomology. In [Bre67] Bredon defines an
equivariant cohomology theory HnG(X;M) for G-spaces, where G is a fi-
nite group and M is a contravariant coefficient system. When M is a
Mackey functor, P. May et al. [LMM81] showed that this theory can be
uniquely extended to an RO(G)-graded theory {HαG(X;M ), α ∈ RO(G)},
called RO(G)-graded ordinary equivariant cohomology theory, where RO(G)
denotes the orthogonal representation ring of G. When G = S, one has
RO(S) = Z · 1⊕Z · ξ, where 1 is the trivial representation and ξ is the sign
representation. In this paper we use the motivic notation:
(4) Hn,pBr (X,M ) := H
(n−p)·1+p·ξ
S
(X;M ),
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and call Hn,pBr (X,M ) bigraded Bredon cohomology.
In the homotopy theoretic approach, one proves the existence of equivari-
ant Eilenberg-MacLane spaces K(M, (n, p)) that classify Bredon cohomol-
ogy (for n ≥ p ≥ 0). In other words, Hn,pBr (X,M ) = [X+,K(M, (n, p))]G,
where the latter denotes the set of based equivariant homotopy classes of
maps. When n < p one uses the suspension axiom to define the correspond-
ing cohomology groups; see [LMM81].
A quick way to construct K(Z, (n, p)) is the following. Let Sn,p denote
the one-point compactification {(n − p) · 1 ⊕ p · ξ} ∪ {∞} of the indicated
representation, and define Z0(S
n,p) := Z(Sn,p)/Z({∞}), where Z(Sn,p) de-
notes the free abelian group on Sn,p, suitably topologized. Then Z0(S
n,p) is
an Eilenberg-MacLane space K(Z, (n, p)); cf. [dS03b].
Example 2.2. In order to describe the bigraded cohomology ring of a point
B := ⊕p,n Hn,pBr (pt,Z), first consider indeterminates ε, ε−1, τ, τ−1 satisfying
deg ε = (1, 1), deg ε−1 = (−1,−1), deg τ = (0, 2) and deg τ−1 = (0,−2).
Henceforth, ε and ε−1 will always satisfy 2ε = 0 = 2ε−1.
As an abelian group, B can be written as a direct sum
(5) B := Z[ε, τ ] · 1 ⊕ Z[τ−1] · α⊕ F2[ε−1, τ−1] · θ
where each summand is a free bigraded module over the corresponding ring
and F2 is the field with two elements (hence 2θ = 0). The respective bide-
grees of the generators 1, α and θ are (0, 0), (0,−2) and (0,−3).
The product structure on B is completely determined by the following
relations
(6) α · τ = 2, α · θ = α · ε = θ · τ = θ · ε = 0.
Note that B is not finitely generated as a ring, and that B has no homoge-
neous elements in degrees (p, q) when p · q < 0.
We now present an alternative sheaf-theoretic construction of Bredon co-
homology which is more suitable for our purposes. The details of such
construction will appear in [Yan08].
Given U ∈ S-Man, let Û denote the full subcategory of S-Man ↓ U
consisting of equivariant finite covering maps πS : S → U . In particular,
{̂pt} is the category S-Fin ⊆ S-Man of finite S-sets..
A topological G-Module M represents an abelian Mackey presheaf on
S-Man, in other words, the contravariant functorM : S-Manop → Ab send-
ing U 7→ M (U) := HomS-Top(U,M) is also covariant for maps in Û , for all
U ∈ S-Man, and satisfies the following property. Given a pull-back square
Z
γ−−−−→ X
ϕ
y yf
Y −−−−→
g
U
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with f ∈ Û , the diagram
M(Z)
γ∗←−−−− M(X)
ϕ∗
y yf∗
M (Y ) ←−−−−
g∗
M (U)
commutes. The case where M is a subring a R with trivial S-module struc-
ture will play a special role in this work.
Definition 2.3. Let F be an abelian presheaf on S-Man, and let M be a
topological S-module. Given U ∈ S-Man, let F ⊗bU M denote the coend:
{
⊕
πS : S→U
F(S)⊗M(S) } / KF,M(U) in Ab,
where πS ∈ Û and KF,M(U) is the subgroup generated by elements of the
form:
(φ∗Fα
′)⊗m− α′ ⊗ φM∗m,
when
S
φ−→ S′
πS ց ւ πS′
U
is a morphism in Û , α′ ∈ F(S′) and m ∈M(S). It is easy
to see that the assignment U 7−→ F ⊗bU M is a contravariant functor from
S-Man to Ab. Denote by F
∫
M the resulting abelian presheaf on S-Man,
i.e. F
∫
M (U) := F ⊗bU M .
Let ∆n denote the standard topological n-simplex with the trivial S-
action. Using the co-simplicial structure on {∆∗ | n ≥ 0} one creates a
simplicial abelian presheaf C•(F) associated to any presheaf F, whose n-th
term is
Cn(F) : U 7−→ F(∆n × U).
Denote the associated complex of sheaves by (C∗(F), d∗) and use the conven-
tion in [SGA72, XVII 1.1.5] to define a cochain complex (C∗(F), d∗) where
Cn(F) := C−n(F) and dn : Cn(F)→ Cn+1(F) is defined by dn = (−1)nd−n.
A S-manifold X defines an abelian presheaf on S-Man
ZX : U 7−→ ZHomS-Man(U,X),
sending U to the free abelian group on the set of smooth equivariant maps
from U to X. Yoneda Lemma identifies HomAbPreSh(ZX,F) = F(X) for any
F. In particular, if F is any abelian presheaf and X ∈ S-Man, the presheaf
Hom(ZX,F) sends U to F(X × U).
Proposition 2.4. i. The assignment F 7→ C∗(F;M ) is covariant on F.
ii. Let I = [0, 1] denote the unit interval with the trivial S-action. For
any abelian presheaf F let i∗0, i
∗
1 : Hom(ZI,C
∗(F)) → C∗(F), be the map
of complexes induced by evaluation at the end-points. Then there is a
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homotopy hF between i
∗
0 and i
∗
1 which is natural on F. In particular, the
complexes C∗(F) have homotopy-invariant cohomology presheaves.
In what follows denote
(C×)p−1i := C
× × · · · × 1× · · · ×C× ⊂ C×p,
where 1 appears in the i-th coordinate.
Definition 2.5. Given a S-manifold X, let
JX,p :
p⊕
i=1
C
∗(Z((C×)p−1i ×X)) −→ C∗(Z(C×p ×X))
be the map induced by the inclusions and denote
(7) C∗(Z0(Sp,p ∧X+)) := Cone(JX,p).
Write C∗(Z0(Sp,p)) when X = ∅ is the empty manifold. Let A ⊂ R be a
subring endowed with the discrete topology. The p-th Bredon complex with
coefficients in A is the complex of presheaves
(8) A(p)Br := C
∗(Z0(Sp,p))
∫
A [−p] ,
where the coend is taken levelwise.
The following result is proven in [Yan08]
Theorem 2.6. Let X be a S-manifold and let A ⊂ R be a subring, endowed
with the discrete topology. Then for all p ≥ 0 and n ∈ Z there is a natural
isomorphism Hˇn(Xeq;A(p)Br) ∼= Hn,pBr (X,A) between the Cˇech hypercoho-
mology of Xeq with values in A(p)Br and the equivariant cohomology group
Hn,pBr (X,A).
For all p, n ∈ Z there is a forgetful functor
(9) ϕ : Hn,pBr (X,A) −→ Hnsing(X;A(p))S,
where A(p) is the S-submodule A(p) := (2πi)pA ⊂ C and the invariants
Hnsing(X;A(p))
S of the singular cohomology of X with coefficients in A(p)
are taken under the simultaneous action of S on X and A(p).
In the following section we present a realization of the composition
(10) Hn,pBr (X,A)→ Hnsing(X;A(p))S → Hnsing(X;C)S,
where the latter is the change of coefficients map.
2.2. Integration and change of coefficient functors. Let Ap denote the
sheaf of smooth, complex valued differential p-forms on S-manifolds. Given
X ∈ S-Man, denote
E
p(X) = {θ ∈ Ap(X) | σ∗(θ) = θ}.
In other words, Ep is the subsheaf of Ap consisting of those p-forms invariant
under the simultaneous action of S on X and C.
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Let π : E → B be a locally trivial bundle, where B be a smooth manifold,
E is an oriented manifold-with-corners and the fiber is an orientable n-
dimensional manifold-with-boundary F (and with corners). Let
(11) π! : A
p+n(E)→ Ap(B).
denote the integration along the fiber homomorphism. If π is a map in
S-Man then π! preserves invariants, thus sending E
p+n(E) to Ep(B). The
following properties are well-known.
Properties 2.7. Let ω be a (n + p)-form and let π′ : ∂E → X denote the
restriction of π to the boundary of E.
i. (Projection formula) π!(π
∗θ ∧ ω) = θ ∧ π!(ω)
ii. (Boundary formula) dπ!(ω) = π!(dω) + (−1)pπ′!(ω|∂E)
iii. (Pull-back formula) Given a pull-back square
E′
f ′ //
π′

E
π

X ′
f
// X
,
then f∗ ◦ π! = π′! ◦ f ′∗.
iv. (Functoriality) If X
f−→ Y g−→ Z are smooth fibrations with compact
fibers, then (g ◦ f)! = g! ◦ f!.
v. (Product formula) Let
E′′
ρ //
ρ′

π′′
  B
B
B
B E
π

E′
π′
// X
,
be a pull-back square where both π and π′ are fibrations with fiber di-
mensions n and n′, respectively. Given ω ∈ Ap+n(E) and ω′ ∈ Aq+n′(E′)
one has π′′! (ρ
∗
1ω ∧ ρ∗2ω′) = (−1)nqπ!(ω) ∧ π′!(ω′).
Integration along the fiber can be used to construct maps of complexes
(12) τp : A(p)Br → E∗,
as follows. First consider U ∈ S-Man and 0 ≤ j ≤ p. An element in
A(p)j
Br(U) is represented by sums of pairs of the form α⊗m, where α = (a, f)
with a, f and m equivariant maps satisfying
1. a : ∆p−j−1 × S → (C×)p−1i ⊂ C×p is smooth and π : S → U is a map in
Û ;
2. f : ∆p−j × S → (C×)p is a smooth map;
3. m : S → A ∈ A(S) is a locally constant.
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In the diagram
C×p
U ∆p−j × Up1oo ∆p−j × S1×πoo
πˆ
ii
f
55lllllllllllllll
p2
$$I
II
II
II
II
I
S m
// A
,
πˆ is a locally trivial fibration with fiber dimension p−j, and we consider the
locally constant map m ◦ p2 = p∗2m as an element in E0(∆p−j × S). Denote
(13) ωp :=
dt1
t1
∧ · · · ∧ dtp
tp
∈ Ep({C×}p)
and define
(14) τ j(α⊗m) = πˆ!{p∗2m · f∗ωp} ∈ Ej(U)
where πˆ! : E
p(∆p−j × S) −→ Ej(U) is the integration along the fiber homo-
morphism. This can be extended to a homomorphism
τ j :
⊕
S∈bU
{
C
p−j(Z0(Sp,p))(S) ⊗A(S)
} −→ Ej(U).
Proposition 2.8. For each 0 ≤ j ≤ p, the map τ j above factors through
Cp−j(Z0(Sp,p))⊗bU A. Furthermore, these maps induce a morphism of com-
plexes of presheaves
(15) τp : A(p)Br −→ E∗.
Proof. Given a morphism
S
φ //
π
?
??
??
??
S′
π′~~ ~
~~
~~
~
U
in Û , consider the associated diagram
(16) ∆p−j × S 1×φ //
πˆ
++
p
((PP
PPP
PPP
PPP
PPP
∆p−j × S′
p′
vvmmm
mmm
mmm
mmm
mm
πˆ′
ss
f







S
m
vvn n
n n
n n
n n
n
π
=
==
==
==
=
φ // S′
π′
 



A U {C×}p.
Pick α = (a, f) ∈ Cone(Jp)p−j(S′) and m ∈ A(S); cf. Definition 2.5. By
definition,
τ j(φ∗α⊗m) = πˆ!(p∗m · (1× φ)∗f∗ωp).
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It follows from Properties i)–iv) of integration along the fibers that for all
θ ∈ E∗(∆p−j × S′) one has πˆ!{p∗m · (1× φ)∗θ} = πˆ′!(p′∗(φ∗m) · θ), since the
top square in (16) is a pull-back diagram. In particular, for θ = f∗ωp one
obtains
τ j(α⊗ φ∗m) = πˆ′!(p′∗(φ∗m) · f∗ωp) = τ j(φ∗α⊗m).
This proves the first assertion in the proposition.
To prove the second assertion, let ∂i : ∆
p−j−1 →֒ ∆p−j be the inclusion
of the i-th face, and pick α⊗m ∈ Cone(Jp)p−j(S)⊗A(S), as before, repre-
senting an element in A(p)j
Br(U). Then, using the sign convention relating
the differential D of A(p)∗
Br with the differential d
B of C∗(Z(C×
p
)) one gets
(17) τ j+1(D(α⊗m)) = τ j+1 ((−d∗pa, a+ d∗pf)⊗m)
= πˆ! (p
∗m · a∗ωp) + (−1)j
n∑
i=1
(−1)iπˆ!(p˜∗m · ∂∗i f∗ωp),
where p˜ : ∆p−j−1 × S → S is the projection. Since a : ∆p−j−1 × S → C×p
factors through some (C×)p−1i ⊂ C×p, one has a∗ωp = 0. On the other hand,
(18)
n∑
i=1
(−1)iπˆ!(p˜∗m · ∂∗i f∗ωp) =
n∑
i=1
(−1)iπˆ!((∂i × 1)∗{p∗m · f∗ωp})
= πˆ!({p∗m · f∗ωp}|
∂(∆p−j×S)
) = (−1)jdπˆ!(p∗m · f∗ωp);
cf. the boundary formula (2.7)ii. It follows from (17) and (18) that τ j+1◦D =
d ◦ τ j, for 1 ≤ j ≤ p.
The two remaining cases are:
(19) 0 // Ep+1(U)
A(p)p
Br(U)
OO
τp
// Ep(U)
d
OO
and
(20) A(p)0
Br(U) τ0
// E0(U)
A(p)−1
Br(U)
d−1
OO
// 0
OO
.
Given f : S → C×p, m : S → A with S ∈ Û , then the boundary formula
for integration along the fibers gives d π!(m · f∗ωp) = 0, thus showing that
(19) commutes.
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To show that (20) commutes, pick f : S ×∆p+1 −→ C×p, m : S → A.
Then:
τ0(D[f ⊗m]) = τ0
{
p+1∑
k=0
(−1)kf ◦ (1× ∂k)⊗m
}
=
p+1∑
k=0
(−1)kπˆ!(m · (1× ∂k)∗f∗ωp)
=
p+1∑
k=0
(−1)kπˆ!((1× ∂k)∗{m · f∗ωp})
= dπˆ!(m · f∗ωp)± πˆ!(d{m · f∗ωp)) = 0.
The functoriality of the maps τ j with respect to U should be evident. 
Remark 2.9. Recall that if U is a S-manifold, one obtains a natural S-
isomorphism U triv × S ∼=−→ U × S by sending (x, g) to (gx, g). On the
other hand, Ep(U triv ×S) is the subgroup of Ap(U triv ×S) ∼= Ap(U triv) ×
Ap(U triv) invariant under the involution that sends (ω1, ωσ) to (ωσ, ω1).
This observation shows that we have a functor
F : Ep(U ×S) 7−→ Ap(X)
ω 7−→ ω|U×1
satisfying the following properties:
(1) F commutes with differentials;
(2) If ı : U × S → U × S is the S-homeomorphism sending (x, α) to
(x, σα), then F (ı∗ω) = σ∗F (ω);
(3) F ◦ p∗ = Id, where p : U ×S→ U is the projection.
To describe the product structure on A(∗)Br, let Γn,m := {σ : ∆n+m →
∆n × ∆m | n ≥ 0, m ≥ 0} be the triangulation of ∆n × ∆m inducing
the Alexander-Whitney diagonal approximation; cf. [ES52, p. 68]. Given
p, q ≥ 0, the (external) pairing of presheaves Z(C×p)⊗Z(C×q)→ Z(C×p+q)
yields a pairing of complexes
(21) C∗(Z(C×p))⊗ C∗(Z(C×q))→ C∗(Z(C×p+q))
in the usual manner. Denoting C∗(Z(Ĉ×r)) := ⊕ri=1 C∗(Z((C×)r−1i )), one
sees that this pairing sends both C∗(Z(Ĉ×p))⊗C∗(Z(C×q)) and C∗(Z(C×p))⊗
C∗(Z(Ĉ×q)) to C∗(Z(Ĉ×p+q)), and hence it induces a pairing of complexes
(22) C∗(Z0(Sp,p))⊗ C∗(Z0(Sq,q))→ C∗(Z0(Sp+q,p+q)).
Finally, the multiplication A ⊗ A → A together with the appropriate sign
conventions yields a pairing of complexes µ : A(p)Br⊗A(q)Br → A(p+q)Br.
See the proof of Theorem 2.10 below.
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Theorem 2.10. The maps of complexes τ are compatible with multiplica-
tion. In other words, for every p, q ≥ 0 and i, j ∈ Z one has a commutative
diagram of presheaves:
A(p)i
Br ⊗ A(q)jBr
µ //
τp⊗τq

A(p+ q)i+j
Br
τp+q

Ei ⊗ Ej ∧ // Ei+j
Proof. Given U ∈ S-Man, elements in A(p)i
Br(U) and A(q)
j
Br(U) are rep-
resented respectively by α⊗m = (a, f)⊗m and β ⊗ n = (b, g) ⊗ n, where
(1) πS : S → U and πT : T → U are in Û and π : S ×U T → U denotes
their fibered product;
(2) a : ∆p−i−1 × S → C×r p−1, f : ∆p−i × S → C×p smooth equivariant,
and m : S → A locally constant;
(3) b : ∆q−j−1 × T → C×s q−1, g : ∆q−j × T → C×q smooth and equivari-
ant, and n : T → A locally constant.
The relevant maps in the constructions that follow are summarized in the
diagram
∆p+q−i−j × S ×U T
σ×1

ED
σˆ

∆p−i × S pS //
πˆS
++WWWW
WWWW
WWWW
WWWW
WWWW
WWWW
WW S
m // A
∆p−i ×∆q−j × S ×U T
i

ρS
55kkkkkkkkkkkkkk
ρT
))SSS
SSS
SSS
SSS
SSS
55
p //___________ S ×U T π // U
(∆p−i × S)× (∆q−j × T )
f×g

∆q−j × T
πˆT
33gggggggggggggggggggggggggg
pT
// T n
// A
C×
p × C×q ≡ C×p+q
where σ : ∆p+q−i−j → ∆p−i ×∆q−j is in Γp−i,q−j.
By definition, µ (α⊗m,β ⊗ n) = (a ∪U g + f ∪U b, f ∪U g) ⊗ m ⋆ n,
where f ∪U g := (−1)j(i+p)
∑
σ∈Γp−i,q−j (−1)|σ| (f × g) ◦ i ◦ (σ × 1), and
m ⋆ n : S ×U T → A is defined as m ⋆ n(s, t) = m(s)n(t) ∈ A. The elements
a ∪U g and f ∪U b are defined similarly.
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Hence
(23) (−1)j(i+p) τp+q(µ (α⊗m,β ⊗ n)) =
=
∑
σ
(−1)|σ|σˆ! ({(σ × 1) ◦ p}∗(m ⋆ n) · {(f × g) ◦ i ◦ (σ × 1)}∗ωp+q)
=
∑
σ
(−1)|σ|σˆ! ((σ × 1)∗ {p∗(m ⋆ n) · i∗ ◦ (f × g)∗ωp+q})
=
∑
σ
(−1)|σ|σˆ! ((σ × 1)∗{p∗(m ⋆ n) · i∗(f∗ωp × g∗ωq)}) .
The collection Γp−i,q−j gives a triangulation of ∆p−i ×∆q−j and hence
(24)
∑
σ
(−1)|σ|σˆ! ((σ × 1)∗{p∗(m ⋆ n) · i∗(f∗ωp × g∗ωq)})
= (π ◦ p)! (p∗(m ⋆ n) · i∗(f∗ωp × g∗ωq)) = (π ◦ p)! (ρ∗SaS ∧ ρ∗T aT ) ,
where aS := p
∗
Sm · f∗ωp and aT := p∗Tm · g∗ωq. The product formula
(see Properties 2.7(v)) gives (π ◦ p)! (ρ∗SaS ∧ ρ∗TaT ) = (−1)(p−i)j πˆS!(aS) ∧
πˆT!(aT ) := (−1)(p−i)jτp(α ⊗m) ∧ τq(β ⊗ n). The theorem now follows from
this last identity together with (23) and (24). 
Remark 2.11. The forgetful functor φ : H∗,∗Br (X,A) → H∗sing(X;C)S de-
scribed in (10) is the ring homomorphism induced by the morphisms of
complexes τ∗ : A(∗)Br → E∗.
3. Deligne cohomology for real varieties
In this section we restrict our attention to An/R, the category of real
holomorphic manifolds, seen as a site with the topology induced by S-Man.
In particular, heretofore the complexes A(p)Br,E
∗ and A∗ will be restricted
to An/R.
The Hodge decomposition An = ⊕i+j=n Ai,j is invariant with respect to
the S-action on An and this gives a Hodge filtration {F pE∗} on the complex
E∗ of invariant smooth forms.
Definition 3.1. Let A ⊂ R be a subring endowed with the discrete topology.
i. Given p ≥ 0, define the p-th equivariant Deligne complex A(p)D/R on
An/R as:
(25) A(p)D/R := Cone
(
A(p)Br ⊕ F pE∗ ιp−→ E∗
)
[−1],
where ιp(α, ω) = τp(α)− ω; cf. (15).
ii. Given a proper manifold X ∈ An/R and p ≥ 0, define the Deligne
cohomology of X as the Cˇech hypercohomology groups
(26) H i
D/R(X;A(p)) := Hˇ
i
(
Xeq;A(p)D/R
)
,
where Xeq denotes the equivariant site of X.
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iii. If p < 0, define H i
D/R(X;A(p)) := H
i,p
Br (X(C), A). In other words,
Deligne cohomology with negative weights is defined so as to coincide
with Bredon cohomology.
iv. The following diagram introduces notation for the various natural maps
arising from the cone (25).
(27) Hn,p
Br
(X(C), A)
ϕ // Hnsing(X(C);A(p))S


Hn
D/R(X;A(p))
̺
44iiiiiiiiiiiiiiiii
ν
// Hn,p
Br
(X(C), A)⊕ FpHnsing(X(C);C)
S //
pr1
OO
pr2

Hnsing(X(C);Z(p))
S
FpHnsing(X(C);C)
S
'

44iiiiiiiiiiiiiiiii
Proposition 3.2. Let YC be a proper complex holomorphic manifold and
let X be a proper smooth real algebraic variety.
i. One has natural isomorphisms
H i
D/R(YC/R;A(p))
∼= H iD/C(YC;A(p)),
where the latter denotes the usual Deligne cohomology of the complex
manifold YC. (See Remark 2.1.)
ii. If XC is the complex variety obtained from X by base extension, the
corresponding map of real varieties XC/R → X induces natural homo-
morphisms
H i
D/R(X;A(p)) → H iD/C(XC;A(p))S,
where the latter denotes the invariants of the Deligne cohomology of the
complex variety XC.
iii. One has a long exact sequence
(28) · · · → Hj−1sing(X(C),C)S → HjD/R(X ;A(p))
ν−→
→ Hj,pBr (X(C), A)⊕
{
F pHjsing(X(C);C)
}S ◦ϕ−ı−−−−−−→ Hjsing(X(C);C)S → · · ·
Remark 3.3. The map H i
D/R(X;A(p)) → H iD/C(XC;A(p))S, is not an
isomorphism in general. However, it is always an isomorphism when 1/2 ∈
A.
Example 3.4. Denote
D
i,p := H i
D/R(SpecR;Z(p))
D
i,p
R := H
i
D/R(SpecR;R(p)) and
D
i,p
C := H
i
D/C(SpecR;Z(p)),
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and let Di,p → Bi,p := H i,pBr (pt,Z) denote the natural map between the
Deligne and Bredon cohomology groups of a point, respectively. See Ex-
ample 2.2. The following statements follow from the exact sequence in the
Proposition above and from the definitions. Fix p ≥ 0.
i. The vanishing of singular cohomology in negative degrees gives isomor-
phisms D−i,p
∼=−→ B−i,p = 0, for i > 0.
ii. Di,0 ∼= Bi,0 ∼=
{
Z(0) , if i = 0
0 , otherwise .
iii. For p > 0 one has an exact sequence
0→ D0,p → B0,p → H0(pt;C)S = R→ D1,p → B1,p → 0.
iv. For i 6= 0, 1 one has Di,p ∼= Bi,p.
Now,
B
0,p ∼=
{
Z(2k) , if p = 2k
0 , if p is odd
and
B
1,p ∼=
{
Z/2Z , if p = 2k + 1
0 , if p is even
.
Hence, D0,p ∼= 0, for all p > 0, and for k ≥ 1 one has short exact sequences:
(ek) 0→ Z(2k)→ R→ D1,2k → 0
and
(ok) 0→ R→ D1,2k−1 → Z/2Z→ 0.
Using similar exact sequences, one concludes that
(29) D1,2k−1R = R →֒ D1,2k−1C = C
is the inclusion as fixed point set, and the change of coefficients homomor-
phism is given by
D
1,2k−1 = R× −→ D1,2k−1R(30)
x 7−→ log |x|.
It follows that D1,2k = R/Z(2k) and that D1,2k−1 ∼= R×. See Table 1 for
a display of the bigraded group structure of D∗,∗.
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3.1. Product structure I: positive weights. The constructions in this
section are modelled after [EV88].
Definition 3.5. Given 0 ≤ α ≤ 1 and p, q ≥ 0, define a pairing of complexes
of presheaves
(31) ∪α : A(p)iD/R ⊗A(q)jD/R → A(p+ q)i+jD/R
by
(a, θ, ω) ∪α (a′, θ′, ω′) := (a · a′, θ ∧ θ′, ω ∧ Ξα[a′, θ′] + (−1)iΞ1−α[a, θ]),
where (a, θ, ω) ∈ A(p)i
Br ⊕ F pEi ⊕ Ei−1, (a′, θ′, ω′) ∈ A(q)jBr ⊕ F qEj ⊕ Ej−1
and for (u, η) ∈ A(p)i
Br ⊕ F pEi one defines
Ξt(u, η) := (1− t) τp(u) + t η.
The following results are straightforward and their proofs are left to the
reader.
Proposition 3.6. Fix p, q ≥ 0 and let X be a proper real holomorphic
manifold.
i. The pairings ∪α are homotopic to each other, for all 0 ≤ α ≤ 1, and
they induce pairings
∪ : H i
D/R(X;A(p)) ⊗HjD/R(X;A(q)) → H i+jD/R(X;A(p + q)),
satisfying a ∪ b = (−1)ijb ∪ a.
ii. The natural maps H∗
D/R(X;A(p)) → H∗,pBr (X,A), for p ≥ 0, are compat-
ible with the respective multiplicative structures of Deligne and Bredon
cohomology.
iii. The natural map ι : H∗
D/R(X;A(0)) → H∗,0Br (X(C), A) is a ring isomor-
phism.
Well-known facts from Bredon cohomology allow the computation of a
few more examples.
Example 3.7. Let X ∈ An/R be a real cellular proper algebraic variety, and
let CH∗(X) denote its Chow ring, seen as a bigraded ring where CHp(X)
has degree (2p, p). As a bigraded ring, the Bredon cohomology of X with
Z-coefficients is given by H∗,∗Br (X(C),Z) ∼= CH∗(X) ⊗ B∗,∗, cf. [dSLF07].
Since CH∗(X) is free and Bredon cohomology is a geometric cohomology
theory in the sense of [Kar00], it follows that H∗,∗Br (X,A) ∼= CH∗(X)⊗B∗,∗A ,
where B∗,∗A := H
∗,∗
Br (pt,A) and A ⊂ R is a subring of R. Furthermore, the
singular cohomology of X(C) with C-coefficients is invariant and of Hodge
type (p, p). Hence, the long exact sequence in the Proposition 3.2 and the
above observations give natural isomorphisms:
H2p
D/R(X;A(p))
∼= H2p,pBr (X(C), A) ∼= H2p(X(C);A(p))S(32)
∼= CHp(X) ⊗A.
20 DOS SANTOS AND LIMA-FILHO
In particular, when X = Pp, one has H∗,∗Br (P
p, A) ∼= B∗,∗A [h]/〈hp+1〉, where
h ∈ H2,1Br (Pp,Z) is the first Chern class of the hyperplane bundle in Bredon
cohomology. Define ξ ∈ H2
D/R(P
p;A(1)) as the element corresponding to h
via the isomorphisms (32). It follows that H2j
D/R(P
p;A(j)) ∼= Z is generated
by ξj, for all 0 ≤ j ≤ p and is 0 for j > p.
Let ξ ∈ H2
D/R(X × Pp;A(1)) denote the pull-back under the projection
X ×Pp → Pp of the class ξ ∈ H2
D/R(P
p;A(1)) defined above, and let π : X ×
Pp → X denote the projection onto X.
Given α ∈ H i
D/R(X×Pp;A(−r)), with r, k ≥ 0, define α∪ξk ∈ H i+2kD/R (X×
Pp;A(k − r)) as follows:
(33) α ∪ ξk :=
{
α · hk , if k ≤ r
(α · hr) ∪ ξk−r , if k ≥ r.
Here we are identifying Deligne and Bredon cohomology with weights ≤ 0,
and being careful to differentiate between h and ξ and between the product
α ·hk in Bredon cohomology and the ∪ product for Deligne cohomology with
positive weights.
The following result is a preliminary version of a more general projective
bundle formula.
Proposition 3.8. Let X be a proper real holomorphic manifold. Given
integers p ≥ 0 and i, q ∈ Z, the map
ψ : ⊕pj=0 H i−2jD/R (X;A(q − j)) −→ H iD/R(X × Pp;A(q))
(a0, . . . , ap) 7−→ π∗a0 + π∗a1 ∪ ξ + · · ·+ π∗ap ∪ ξp
is an isomorphism.
Proof. Denote by ξC the image of ξ under the cycle map into singular co-
homology with complex coefficients. Since ξC is of Hodge type (p, p) and
invariant underS, the map a 7→ π∗a∪ξjC fromH i−2j(X(C);C) toH i(X(C)×
Pp(C);C) sends F q−jH i−2j(X(C);C)S to F qH i(X(C)× Pp(C);C)S.
Recall that Chern classes are compatible under the forgetful functor from
Bredon cohomology to singular cohomology and that the projective bundle
formula holds in both theories; cf. [dS03a]. The result now follows from the
definition of ∪ξ in Deligne cohomology and the five-lemma suitably applied
to the long exact sequences in Proposition 3.2. 
3.2. Product structure II: arbitrary weights. Given p, q ≥ 0 define the
product
(34) ∪ : H i
D/R(X;A(−p)) ⊗HjD/R(X;A(−q)) → H i+jD/R(X;A(−p − q))
simply as the product in Bredon cohomology. Given 0 ≤ |r| ≤ p, one uses
(33) to define
⋆ : H i
D/R(X;A(−p)) ⊗HjD/R(X;A(p − r))→ H i+j+2pD/R (X × Pp;A(p − r))
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8 0 R/Z(8) τ3ε2 0 τ2ε4
7 0 R× 0 τ2ε3 0
6 0 R/Z(6) τ2ε2 0 τε4
5 0 R× 0 τε3 0
4 0 R/Z(4) τε2 0 ε4
3 0 R× 0 ε3 0
2 0 R/Z(2) ε2 0 0
1 0 R× 0 0 0
0 1 0 0 0 0
-1 0
-2 2τ−1
-3 θ
-4 ε−1θ 2τ−2
-5 ε−2θ 0 τ−1θ
-6 ε−3θ 0 ε−1τ−1θ 2τ−3
-7 0 ε−2τ−1θ 0 τ−2θ
-8 ε−3τ−1θ 0 ε−1τ−2θ 2τ−4
-3 -2 -1 0 1 2 3 4
Table 2. Generators for cohomology of a point
by sending a⊗b 7→ a⋆b := (a∪ξp)∪π∗b. Now, let π† : H i+j+2pD/R (X×Pp;A(p−
r))→ H i+j
D/R(X;A(−r)) denote the composition of ψ−1 (see Proposition 3.8)
with the projection onto the last factor. Sending a⊗ b 7→ π†(a ⋆ b) defines
the product
(35) ∪ : H i
D/R(X;A(−p)) ⊗HjD/R(X;A(p − r))→ H i+jD/R(X;A(−r)),
Combining Proposition 3.6, (34) and (35) one defines a product on Deligne
cohomology which makes H∗
D/R(X;A(∗)) → H∗,∗Br (X(C), A) a natural map
of bigraded rings.
Corollary 3.9. Under the hypothesis of Proposition 3.8, one has an iso-
morphism of bigraded rings
H∗
D/R(X;A(∗))[T ]/〈T p+1〉 ∼= H∗D/R(X × Pp;A(∗))
when T is given the bigrading (2, 1).
The ring structure of D∗,∗ can be easily read from Table 2. See Example
2.2 for notation.
4. The exponential sequence
In this section we show that Z(1)D/R is quasi-isomorphic to O
×[−1]. As
an immediate corollary, we obtain an exponential sequence relating the co-
homology of Z(1)Br, O and O
×. Using this sequence we obtain a new proof
of Weichold’s Theorem – a classical result in real algebraic geometry.
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Definition 4.1. Let X be a smooth algebraic variety and let (R∗X , dR)
denote the following cochain complex of abelian sheaves on X
E
0,0×
X
∂ log−−−→ E0,1X
∂−→ E0,2X
∂−→ · · ·
where E0,0×X ⊂ E0X denotes the subsheaf of nowhere zero functions and Ep,qX ⊂
E
p+q
X denotes the subsheaf on invariant (p+ q)-forms of Hodge type (p, q).
Remark 4.2. (1) It is easy to check that (R∗, dR) is a resolution of O×.
Similarly, O→ E0,0 ∂−→ E0,1 ∂−→ · · · is a soft resolution of O.
(2) The exponential map O → O× extends to a map exp: E0,∗ → R∗
between the respective resolutions.
Definition 4.3. Recall that an element in Z(1)1
Br(U) is represented by sums
of pairs of the form f ⊗m, with f and m equivariant maps such that
(1) f : S → C× is smooth and π : S → U is in Û ;
(2) m : S → Z ∈ Z(S) is locally constant.
Let η : Z(1)1
Br → E0,0× be the map sending f ⊗m ∈ Z(1)1Br(U) to
η(f ⊗m) = πˆ!(fm).
Alternatively, η(f ⊗m)(u) =∏s∈π−1(u) f(s)m(s).
Remark 4.4. It follows from this definition that, given σ ∈ Z(1)0
Br and
α ∈ Z(1)1
Br we have τ
0
1σ = log η(σ(1)) − log η(σ(0)) and τ11α = d log ηα.
Proposition 4.5. There is a quasi-isomorphism ς : Z(1)D/R → R∗[−1]
such that the composite E∗[−1] → Z(1)D/R ς−→ R∗[−1] induces the map
exp: CX [−1]→ O×X [−1], and the composition E0,∗[−1]→ Z(1)D/R → R∗[−1]
induces the map exp: OX [−1]→ O×X [−1].
Proof. Let X be a projective real variety and let ς : Z(1)D/R → R∗[−1]
denote the map of complexes displayed in the following diagram:
// Z(1)0
Br

d−1
Z(1)
D/R// Z(1)1
Br ⊕ E1,0 ⊕ E0
d0
Z(1)
D/R//
η·exp

E1,1 ⊕ E2,0 ⊕ E1 //
p0,1

· · ·
// 0 // R0
∂ log //
R1
∂ // · · ·
where η · exp denotes the map (f, ω, h) 7→ η(f) exp h, and p0,1 denotes the
projection from E1 to E0,1. Similarly, for i > 1 we set ςi = p0,i, where
p0,i : Ei → E0,i is the projection.
It is easy to check ς is a map of cochain complexes and that the cohomol-
ogy presheaves of both complexes are concentrated in dimension 1. Hence
it suffices to check that H1(ς) is an isomorphism on the stalks.
Surjectivity: Note that H1(R∗[−1]) = H0(R∗) ∼= O× and let g ∈ O×u , u ∈ X.
Let h ∈ Ou be such that exp h = g. Set α = 0 in Z(1)Br,u (so that α can be
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represented, for example, by 1 ⊗ 0) and set w = ∂gg ∈ E1,0u . Then we have,
d0
Z(1)D/R
(α, ω, h) = 0 and ςu(α, ω, h) = g.
Injectivity: Let (α, ω, h) ∈ Z(1)1
D/R,u, u ∈ X, be such that ςu(α, ω, h) =
0 and d0
Z(1)D/R
(α, ω, h) = 0. The first equality just means that −h is a
logarithm for η(α). From the second equality we get
ω = −dh− τ11α = −(dh+ d log η(α)) = 0.
Let
∑
i fi ⊗mi be a representative for α (cf. Definition 4.5). Choose log fi
so that
∑
imi log fi = −h, shrinking neighborhoods if necessary, and define
σ :=
(
∆1 ∋ t 7→ exp
[
− t
∑
i
mi log fi
])
∈ Z(1)0Br,u.
Then, by our choice of log fi, we have d
−1
Z(1)D/R
(σ) = (α, ω, h).
The remaining assertions are evident. 
Corollary 4.6. The complexes Z(1)D/R and O
×[−1] are quasi-isomorphic.
Corollary 4.7 (Exponential Sequence). Let X be a smooth proper real al-
gebraic variety. Then there is a long exact sequence
→ H∗,1Br (X(C);Z)
ϑ
−→ H∗(X;OX)
exp
−−→ H∗(X;O∗X)→ H
∗+1,1
Br (X(C);Z)→
where ϑ denotes the composite
H∗,1Br (X(C);Z)
τ1−→ H∗(X(C);C)G։ H∗(X;OX ) = H∗,1∂ (X(C))
G,
and the latter denotes the invariants of the Dolbeault cohomology of the
complex manifold X(C).
Proof. From the hypercohomology long exact sequence of the cone and
Lemma 4.5 we get the following exact sequence
→ H∗,1Br (X(C);Z)⊕ Hˇ∗(X;F 1E∗X)
ι1−→ Hˇ∗(X;E∗X )→ H∗(X;O×X )→
which, in turn, gives
H∗,1Br (X(C);Z)
τ1−→ coker (Hˇ∗(X ;F 1E∗X)→ Hˇ∗(X ;E∗X))→ H∗(X ;O×X).
Now, since Cone(F 1E∗ → E∗) ≃ E0,∗ and since Hˇ∗(X;F 1E∗X)→ Hˇ∗(X;E∗X )
is injective, we have
coker
(
Hˇ∗(X;F 1E∗X)→ Hˇ∗(X;E∗X )
) ∼= Hˇ∗(X;E0,∗X ) ∼= H∗(X;OX ).
The assertion about the map ϑ follows immediately from the construction
of this sequence. 
Remark 4.8. A similar exact sequence appears in [Kra91].
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4.1. An application. Given a real variety X, denote S = π0(X(R)). Hence
H0(X(R);Z×) ∼= (Z×)S and H˜0(X(R);Z×) ∼= (Z×)S/Z×, where Z× ⊂
(Z×)S is the subgroup of constant functions.
Lemma 4.9. Let X be an irreducible, smooth, projective curve over R, of
genus g. Let c denote the number of connected components of X(R) Then
H2,1Br (X(C);Z)
∼= Z× (Z×)S/Z× ∼= Z×
{
(Z/2)c−1 if c 6= 0
0 if c = 0
}
Proof. By Poincare´ dualtity H2,1Br (X(Z);Z)
∼= HS0 (X(C);Z), where the last
group denotes Z-graded Bredon homology. The following exact sequence is
well known (see [LLFM03])
0→ Hsing0 (X(C)/S;Z) → HBr0,0(X(C);Z)→ H0(X(R);Z×)→ 0.
If X(R) = ∅ the sequence gives HS0 (X(C);Z)
∼= Z since under the above
assumptions X(C)/S is connected.
IfX(R) 6= ∅ thenHBr0,0(X(C);Z) ∼= Z×H˜Br0,0(X(C);Z), where the H˜Br∗,∗(−;Z)
denotes reduced Bredon homology. There is a reduced version of the se-
quence above which gives H˜Br0,0(X(C);Z)
∼= H˜0(X(R);Z×) ∼= (Z×)c−1, be-
cause H˜sing0 (X(C)/S;Z) = 0. 
Denote V := H1(XC,O) and let Λ ⊂ V be the lattice
Λ := Im{jC : H1sing(XC,Z(1))→ H1(XC,O)},
so that Pic(XC) ∼= V/Λ. Taking fixed points gives a short exact sequence
(36) 0→ ΛS→ V S→ Pic0(XC)S→ H1(S,Λ).
This shows that V S/ΛS is the connected component Pic0(XC)
S
0 . Now,
Proposition A.1 shows that H1,1Br (X(C), A)
∼= H1,1bor(X(C), A), hence one can
use the Leray-Serre spectral sequence to conclude that the image of the
natural map j : H1,1Br (X(C),Z)→ H1(XC,O) is precisely ΛS.
Proposition 4.10. Let X be an irreducible, smooth, projective curve over
R, of genus g. Then
Pic(X) ∼= Pic0(XC)S0 ×H2,1Br (X(C),Z).
Proof. By the previous results, Pic(X) fits in the following exact sequence
H1,1Br (X(C),Z)
j−→ H1(XC;O)S → Pic(X) c1−→ H2,1Br (X(C),Z)→ 0.
The result follows. 
Corollary 4.11 (Weichold’s Theorem [PW91, Proposition 1.1]). With X
as above, let c denote the number of connected components of X(R). Then
Pic(X) ∼= Z× (R/Z)g ×
{
(Z/2)c−1 if c 6= 0
0 if c = 0
}
Proof. This follows directly from the proposition together with Lemma 4.9.

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5. The group H2
D/R(X;Z(2))
In this section we derive a geometric interpretation of the integral coho-
mology group H2
D/R(X;Z(2)) for a real projective variety X. As a moti-
vation we start with a geometric interpretation of the Bredon cohomology
group H2,2Br (Y,Z) of an arbitrary S-manifold Y.
5.1. Variations on the theme of H2,2Br (Y,Z). As aS-manifold, the sphere
S2,2 is isomorphic to P1(C) with the action induced by a linear involution
σ. Describing the action in homogeneous coordinates by σ : [x0 : x1] 7→ [x0 :
−x1], one sees that SP∞(P1(C)) ≡ P∞(C) inherits the linear involution
σ([x0 : x1 : x2 : · · · ]) = [x0 : −x1 : x2 : −x3 : · · · ] and that this is
an equivariant K(Z, (2, 2)); cf. [dS03b]. In particular, one can define a
linear isomorphism of tautological bundles τ : σ∗O(−1) → O(−1) satisfying
τ ◦ (σ∗τ) = 1.
Given a S-space Y , with involution σ, let P1(Y ) denote the set of pairs
(L, τ) where:
t1) L is a (smooth) complex line bundle on Y;
t2) τ : σ∗L→ L is a bundle isomorphism;
t3) τ ◦ (σ∗τ) = 1.
Define an equivalence relation on P1(L) by (L, τ) ∼1 (L′, τ ′) iff there exists
an isomorphism φ : L→ L′ such that φ ◦ τ = τ ′ ◦ σ∗φ.
Lemma 5.1. The tensor product of line bundles induces a group structure
on the set L1(Y ) := P1(Y )/ ∼1 of equivalence classes of pairs satisfying
t1)–t3). Furthermore, this group is naturally isomorphic to H2,2Br (Y,Z).
Proof. The first assertion is clear and the last one follows from the fact
that (CP∞, σ) with the linear involution σ described above is an equivariant
K(Z, (2, 2)). 
Recall that a Real vector bundle (E, τ) on a S-manifold (Y, σ) consists of
a complex vector bundle E on Y together with an isomorphism τ : σ∗E → E
satisfying τ ◦σ∗τ = Id. Now, consider the set P2(Y ) consisting of pairs (L,q)
satisfying:
p1) L is a (smooth) complex line bundle on Y ;
p2) q : L⊗σ∗L→ 1Y is an isomorphism of Real line bundles, where L⊗σ∗L
carries the tautological Real line bundle structure;
Denote (L,q) ∼2 (L′,q′) iff there is an isomorphism φ : L → L′ satisfying
q′ ◦ (φ⊗σ∗φ) = q and observe that this is an equivalence relation on P2(Y ).
Lemma 5.2. The tensor product also induces a group structure on the set
L2(Y ) := P2(Y )/∼2 of isomorphism classes of pairs (L,q) satisfying p1)–
p2).
Finally, consider the complex of sheaves G0
a−→ G1 on S-Man where
(37) G0(U) = {f : U → C× | f is smooth }
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and
(38) G1(U) = {f : U → C× | f is smooth and equivariant},
where a : G0 → G1 is the “transfer map” a(f) = f · σ∗f .
Proposition 5.3. There are natural isomorphisms
H2,2Br (Y,Z)
∼= H2,2bor(Y,Z) ∼= L1(Y ) ∼= L2(Y ) ∼= H1(Yeq;G0 → G1).
Proof. The first two isomorphisms follow from Lemma 5.1 and Proposition
A.1, respectively, and the last isomorphism is a tautology.
Given (L, τ) ∈ P1(Y ), pick a hermitian metric h : L⊗ L → 1Y on L and
define qhτ : L ⊗ σ∗L → 1Y as the composition L ⊗ σ∗L 1⊗τ−−→ L ⊗ L → 1Y ,
where τ : σ∗L → L is the map induced by τ . It is easy to see that qhτ
is an isomorphism of Real line bundles, and hence we obtain an element
(L,qhτ ) ∈ P2(Y ).
Suppose that ψ : L′ → L induces an equivalence (L′, τ ′) ∼1 (L, τ) and
pick a hermitian metric h on L. One sees that (L′,qψ
∗h
τ ′ ) ∼2 (L,qhτ ). It
follows that one has a well-defined homomorphism L1(Y )→ L2(Y ) sending
[L, τ ] to 〈L,qhτ 〉, where h is any choice of metric on L. The construction of
the inverse homomorphism is evident. 
Let S = π0(Y
S) denote the set of connected components of the fixed
point set Y S, and identify H0(Y S;Z×) ≡ (Z×)S . Observe that the Ku¨nneth
formula yields a natural isomorphism H2,2bor(Y
S;Z) ∼= H2(Y S×BS;Z(2)) ∼=
H0(Y S;Z×)⊕H2sing(Y S;Z(2)). Using the first identification in Proposition
5.3 one considers the composition
H2,2Br (Y,Z) ≡ H2,2bor(Y ;Z)→ H2,2bor(Y S;Z)→ H0(Y S;Z×)
of the restriction map followed by the evident projection to obtain a natural
homomorphism
(39) ℵ : H2,2Br (Y,Z)→ (Z×)S .
This map has a natural geometric interpretation when one uses the iden-
tification H2,2Br (Y,Z) ≡ L2(Y ). Given 〈L,q〉 ∈ L2(Y ), the restriction of q
to L|Y S becomes a non-degenerate hermitian pairing, and hence it has a
well-defined signature ℵ〈L,q〉 ∈ (Z×)S . It is easy to see that this is another
description of (39).
Definition 5.4. We call ℵ : H2,2Br (Y,Z) → (Z×)S the equivariant signature
map of Y . The image ℵtor(Y ) ⊆ (Z×)S of the torsion subgroup H2,2Br (Y,Z)tor
under ℵ is called the equivariant signature group of Y. In the case where
Y = X(C) for a real algebraic variety X with S = π0(X(R)), we denote the
equivariant signature group of X(C) simply by ℵtor(X).
Example 5.5. When X is a projective algebraic curve, it follows from the
cohomology sequence of the pair (ES ×SX(C), BS ×X(R)) that ℵ is an
isomorphism. As a consequence, one obtains isomorphisms H2,2Br (X(C),Z)
∼=
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Br(X) ∼= ℵtor(X), where Br(X) is the Brauer group of X, since Br(X) ∼=
(Z×)S when X is an algebraic curve; cf. [Wit34].
5.2. The Deligne group H2
D/R(X;Z(2)). The Hodge filtration on singular
cohomology induces a filtration on Bredon cohomology, with
F jHn,pBr (X(C),Z) := ϕ
−1−1F jHnsing(X(C),C);
see diagram (27) for notation.
Proposition 5.6. For any smooth real projective variety X, one has
F 2H2,2Br (X(C),Z) = H
2,2
Br (X(C),Z)tor = im(̺),
where ̺ is the cycle map from Deligne to Bredon cohomology (27). In par-
ticular the image of the composition
Ψ: H2
D/R(X;Z(2))
̺−→ H2,2Br (X(C),Z)
ℵ−→ H0(X(R),Z×)
is the equivariant signature group ℵtor(X).
Proof. Consider diagram (27) with p = n = 2. Since the middle row is ex-
act, one concludes that im (̺) = F 2H2,2Br (X,Z), by definition. On the other
hand,  ◦ ϕ : H2,2Br (X(C),Z) → H2(X(C);C) factors as H2,2Br (X(C),Z) →
H2,2Br (X(C),Z)/ tor →֒ H2,2Br (X(C),Z) ⊗ Q →֒ H2sing(X(C);Z(2)) ⊗ Q →֒
H2(X(C);C). The injectivity of H2,2Br (X(C),Z)⊗Q →֒ H2sing(X(C);Z(2))⊗Q
follows from the isomorphism H2,2Br (X(C),Z)
∼= H2,2bor(X(C);Z) and well-
known facts in equivariant cohomology. Since
H2sing(X(C);Z(2)) ⊗Q ∩ F 2H2(X(C);C) = 0,
one concludes that
F 2H2,2Br (X(C),Z) = H
2,2
Br (X(C),Z)tor.

The next goal is to provide a geometric interpretation to the kernel of the
surjection Ψ: H2
D/R(X;Z(2)) → ℵtor(X). To this purpose, consider triples
(L,∇,q) where L is a holomorphic line bundle over X(C), ∇ is a holomor-
phic connection on L and q : L⊗ σ∗L→ 1 is a holomorphic isomorphism of
Real line bundles satisfying the following properties:
(1) The restriction of q to X(R) is a positive-definite hermitian metric
on L|X(R).
(2) As a section of (L⊗σ∗L)∨, q is parallel with respect to the connection
induced by ∇.
A morphism between two such triples f : (L,∇,q)→ (L′,∇′,q′) consists
of a line bundle map f : L → L′ such that q′ ◦ (f ⊗ σ∗f) = q and ∇′ ◦ f =
(1⊗ f) ◦ ∇.
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Definition 5.7. Given a real variety X, let PW∇(X) denote the set of
isomorphism classes 〈L,∇,q〉 of triples as above. This is a group under the
operation
〈L,∇,q〉 ⊙ 〈L′,∇′,q′〉 := 〈L⊗ L′,∇⊗ 1 + 1⊗∇′,q · q′〉,
which we call the differential Picard-Witt group of X.
The group PW∇(X) has an alternative definition in terms of a complex
P∗ : P0 D−→ P1 D−→ P2 of presheaves on An/R. Given a real analytic variety
U , define
P
0(U) := O×C (U) = {f : U → C× | f is holomorphic };
and
P
1(U) := Ω1C(U)⊕ O×R+(U),
where Ω1C(U) denotes the holomorphic 1-forms on U and O
×
R+
(U) denotes
the subgroup of O×C (U) consisting of those holomorphic Real functions f
(i.e. σ∗f = f) which are positive on the real locus U(R) := US. Finally,
define P2(U) as the group of Real holomorphic 1-forms on U , in other words
P
2(U) := Ω1R(U) := {ψ ∈ Ω1C(U) | σ∗ψ = ψ}.
Define D : P0(U) → P1(U) as D(g) := (dg/g, g · σ∗g) and D : P1(U) →
P2(U) as D(ψ, f) := ψ + σ∗ψ − df/f.
Proposition 5.8. PW∇(X) is naturally isomorphic to Hˇ1(Xeq;P∗).
Proof. This is straightforward. 
Remark 5.9. Given 〈L,∇,q〉 in PW∇(X) one can always find an equivari-
ant cover U and a cocycle c in Cˇ1(U,P∗) representing 〈L,∇,q〉 that has the
form c = ((gα0α1) ; ( (ψα0), (1) )). In other words, [c] is determined by
(gα0α1), (ψα0) satisfying:
i: gα0α1 ∈ Ω0C(Uα0α1) and δ(gα0α1) = 1 (gives the cocycle condition for
a holomorphic line bundle L);
ii:
(
dgα0α1
gα0α1
)
= δ(ψα0) (gives the holomorphic connection on L);
iii: gα0α1 · σ∗gα0α1 = 1 (gives the hermitian form q);
iv: ψα0 ∈ Ω1C(U) and ψα0 + σ∗ψα0 = 0, i.e. ψα0 is a holomorphic
anti-invariant 1-form (q is parallel).
The main result of this section is the following.
Theorem 5.10. If X is a smooth real projective variety then one has a
natural short exact sequence
0→ PW∇(X)→ H2
D/R(X;Z(2))
Ψ−→ ℵtor(X)→ 0.
Proof. See Appendix B. 
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6. A remark on number fields
Let F be a number field and let ΓR and ΓC denote the sets of real and
complex embeddings of F , respectively. One can write ΓC = Γ
+
C ×S, where
Γ+C contains one chosen element in each S-orbit of ΓC.
Abusing language, write Hr
D/R(F ;A(p)) instead of H
r
D/R(X;A(p)), where
X := Spec(F ⊗Q R). Observe that X(C) ≡ ΓR
∐
ΓC, and hence
Hr
D/R(F ;A(p)) = H
r
D/R(ΓR;A(p)) ×HrD/R(ΓC;A(p))
≡ Hr
D/R(∗;A(p))ΓR ×HrD/C(∗;A(p))Γ
+
C(40)
∼= HrD/R(∗;A(p))s ×HrD/C(∗;A(p))t,
where A is a subring of R and ΓR = {ϕ1, . . . , ϕs} and Γ+C = {η1, . . . , ηt}. In
particular,
H1
D/R(F ;Z(1)) ≡ (R×)ΓR × (C×)Γ
+
C ∼= (R×)s × (C×)t and(41)
H1
D/R(F ;R(1)) ≡ RΓR × RΓ
+
C ∼= Rs × Rt;
cf. Example 3.4. Taking adjoints to the evaluation maps F× × ΓR → R×
and F× × Γ+C → C× gives a monomorphism
(42) F× → (R×)ΓR × (C×)Γ+C ≡ H1
D/R(F ;Z(1)).
Since ⊕p≥0HpD/R(F ;Z(p)) is a graded commutative ring this map induces a
homomorphism
(43) ρ : T (F×)→ ⊕p≥0HpD/R(F ;Z(p)),
where T (F×) is the tensor algebra of F×. Using the commutativity of the
diagram
F× ⊗ F× ρ // H1D/R(F ;Z(1)) ⊗H1D/C(F ;Z(1)) ∪ //
̺⊗̺

H2
D/R(F ;Z(2))
̺ ∼=

H1,1Br (F,Z)⊗H1,1Br (F,Z) · // H2,2Br (F,Z),
together with the description of the ring structure of the Bredon cohomology
of a point 2.2, one concludes that if a 6= 0, 1, then ̺(a ⊗ (1 − a)) = 0. It
follows that ̺ descends to a homomorphism
(44) ¯̺: KM∗ (F )→ ⊕p≥0HpD/R(F ;Z(p)),
from the Milnor K-theory ring of F to the “diagonal” subring of the integral
Deligne cohomology of F .
Remark 6.1. i. If follows from the work of Bass and Tate that
KM∗ (R)/2K
M
≥2(R) ∼= ⊕i Di,i and KM∗ (R)/2KM∗ (R) ∼= Z/2[ε] ∼= ⊕iBi,i.
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ii. Since π : Spec(F ⊗QR)→ Spec(R) is a finite cover, one has an additive
transfer homomorphism
π! : H
1
D/R(F ;R(1))→ H1D/R(R;R(1))(45)
(x1, . . . , xs; y1, . . . , yt) 7→ x1 + · · ·+ xs + 2y1 + · · · + 2yt;
see (41).
iii. In subsequent work we will show that the homomorphism (44) is a par-
ticular case of a natural transformation between the motivic cohomology
of a real variety and its integral Deligne cohomology.
It follows from (41) and (30) that the composition
F× → H1
D/R(F ;Z(1))→ H1D/R(F ;R(1))
is given by
F× −→ Rs × Rt(46)
x 7−→ (log |ϕ1(x)|, . . . , log |ϕs(x)|; log |η1(x)|, . . . , log |ηt(x)|).
Basic class field theory shows that the image of the units o×F of the rings of
integers of F under this map is a lattice L in the hyperplane H : x1 + · · ·+
xs+2y2+ · · ·+2yt = 0, i.e., the kernel of the transfer homomorphism (45).
Therefore, the Euclidean volume of this lattice in H is given by Vol(L) =√
s+4t
2t R, where R is the classical regulator of F .
Appendix A. The Borel/Esnault-Viehweg version
Given any equivariant cohomology theory h∗ on S-spaces, one can define
its corresponding Borel version h∗bor as h
∗
bor(U) := h
∗(U × ES), where ES
is a contractible S − CW -complex on which S acts freely. In particular,
one has an associated Borel cohomology theory Hn,pbor(X,A). This theory is
(0, 2) periodic and can be more easily calculated than Bredon cohomology,
via Leray-Serre spectral sequences
Er,s(p) := Hr(S,Hs(X;A(p))) ⇒ Hr+s,pbor (X(C), A).
It is easy to see that the natural map Z0(S
p,p) → F (ES,Z0(Sp,p)) is an
equivariant homotopy equivalence, thus giving the following result.
Proposition A.1. Let Y be a S-space. For all p ≥ 0 and n ≤ p one has a
natural isomorphism Hn,pBr (Y,A)
∼= Hn,pbor (Y,A).
In order to translate this construction into our context, denote X :=
(SpecC)/R and let E•S := N(X → SpecR) be the nerve of the cover
X → SpecR. This is a smooth simplicial real projective variety with the
property that E•S(C) is a simplicial object in An/R whose geometric re-
alization |E•S(C)| is a model for ES. In particular, Z(E•S(C)) defines a
simplicial abelian presheaf on S-Man whose associated complex (graded in
negative degrees) is denoted Z(ES)∗
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Definition A.2. Given a complex of presheaves F∗ on S-Man, define its
associated Borel complex as
F
∗
bor := Hom(Z(ES)
∗,F∗),
and let ιF∗ : F
∗ → F∗bor denote the natural map induced by the projection
E•S → SpecR. In particular, given p ∈ Z one can define the Borel version
of the Deligne complex as A(p)bor
D/R :=
(
A(p)D/R
)
bor
and the Borel version
of the Bredon complex as A(p)bor
Br . Correspondingly, given X ∈ An/R define
its Borel version of Deligne cohomology as
H i
D/R,bor(X;A(p)) := Hˇ
i(Xeq;A(p)
bor
D/R),
and the Borel version of Bredon cohomology as
H i,pbor(X,A) := Hˇ
i(Xeq;A(p)
bor
Br )
It follows from the definitions that
A(p)bor
D/R = Cone
(
A(p)borBr ⊕ F pE∗bor → E∗bor
)
[−1].
Proposition A.3. Given p ∈ Z one has map of exact triangles on An/R :
A(p)D/R //

A(p)Br ⊕ F pE∗ //

E∗

// A(p)D/R[1]

A(p)bor
D/R
// A(p)bor
Br ⊕ F pE∗bor // E∗bor // A(p)borD/R[1]
Corollary A.4. Let X be a real analytic manifold such that XS = ∅. Then
ι : H i
D/R(X;A(p)) → H iD/R,bor(X;A(p)) is an isomorphism for all i and p.
Proof. Since multiplication by 2 is invertible in E∗ and preserves the filtra-
tion {F pE∗} one concludes that ι : F pE∗ → F pE∗bor is a quasi-isomorphism
for all p ∈ Z. The result now follows from the five-lemma and the fact the
same result holds for Bredon cohomology. 
Remark A.5. When X is a projective smooth real variety, the associ-
ated Borel version of the Deligne cohomology groups H i
D/R,bor(X;A(p)) de-
fined above coincide with the Deligne cohomology for real varieties intro-
duced by Esnault and Viehweg in [EV88]. However, in general, the groups
H i
D/R(X;A(p)) and H
i
D/R,bor(X;A(p)) are rather distinct.
Appendix B. Proof of Theorem 5.10
We will need the following two technical lemmas.
Lemma B.1. Let ı : Z → E0 denote the natural inclusion of sheaves on
S-Man. Given any real number λ one can find a map of presheaves ξλ : Z→
Z(2)0
Br such that for each U ∈ S-Man, the composition
Z(U)
ξλ−→ Z(2)0Br(U) τ−→ E0(U)
coincides with λ · ı.
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Proof. Let a > 0 be a positive real number and let Ia denote the interval
[a, 1] if a < 1 and [1, a] if a ≥ 1. Let φa,i : ∆2 → R× × R× ⊂ C× × C×,
i = 1, 2 be smooth maps that give an oriented triangulation of the rectangle
Ia × Ia ⊂ R× × R×. It follows that∫
∆2
(φ∗a,1ω2 + φ
∗
a,2ω2) = (log a)
2.
Let pU : U → ∗ denote the projection to the point, where U is a S-
manifold. Given ν ∈ Z(U), define ξλ(ν) ∈ Z(2)0Br(U) by
ξλ(ν) :=
{
(p∗Uφa,1 + p
∗
Uφa,2)⊗ ν , if λ > 0 and a = exp
√
λ
−(p∗Uφa,1 + p∗Uφa,2)⊗ ν , if λ < 0 and a = exp
√|λ|.
It is clear that ξλ is a homomorphism satisfying the desired conditions. 
Lemma B.2 (The period argument). Given α ∈ Z(p)Br(U)0 satisfying
dBα = 0, then τ(α) ∈ Z(p)(U). In other words, τ(α) ∈ E0(U) is a locally
constant equivariant function with values in Z(p).
Proof. The cocycle α is represented by an element of the form (a,
∑
i fi ⊗
νi), where fi : Si × ∆p → (C×)p is smooth and equivariant, pi : Si → U
is an equivariant covering map, and νi : Si → Z is equivariant and locally
constant. Since dτ(α) = τ(dBα) = 0, we know that τ(α) is an equivariant
locally constant function.
Given x0 ∈ U and y ∈ p−1i (x0) ⊂ Ui the restriction of fi to y × ∆p is
a smooth proper map, and hence one obtains a smooth integral p-simplex
fi#[y×∆p] in (C×)p with boundary ∂fi#[y×∆p] = fi#[y× ∂∆p]. It follows
that
Tα,x0 :=
∑
i
∑
y∈π−1i (x0)
νi(y)fi#[y ×∆p]
is a smooth integral p-cycle on (C×)p and a simple inspection shows that∫
Tα,x0
ωp = τ(α)(x0). On the other hand, since Tα,x0 represents an integral
homology class in (C×)p, then
∫
Tα,x0
ωp is a period of ωp over an integral
homology class and hence it lies in Z(p). 
B.1. Cocycles for Bredon cohomology. As a preparation to the main
arguments of next section, we describe the isomorphism
(47) Φ: Hˇ2(X(C)eq;Z(2)Br)→ Hˇ1(X(C)eq;G0 → G1)
in terms of Cˇech cocycles; cf. Proposition 5.3.
If U is a S-manifold, we denote by U triv the same space with the trivial
S-action. Given integers n ≥ j ≥ 0 let Dn,j ⊂ (n − j) · 1⊕ j · ξ denote the
unit ball in Rn with the action induced by the representation. We say that a
S-manifold U has Type S if it is equivariantly isomorphic to (Dn,0)triv×S.
We say that U has Type P if U ∼= Dn,j, for some j ≥ 0.
Let Y be aS-manifold of dimension n. A good cover for Y is an open cover
V = {Vα | α ∈ Λ} such that all non-empty intersections are contractible. We
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may even assume that these intersections are homeomorphic to disks. We
say that V is equivariantly good if the group permutes the open sets in the
cover. A cover with these properties always yields an equivariant good
cover U, i.e. a cover by S-invariant open sets having the property that
all elements Uα0···αk := Uα0 ∩ · · · ∩ Uαk in the nerve of U have either Type
S or Type P . Furthermore, if one of the elements α0, . . . , αk has Type
S, then the intersection α0 · · ·αk is required to have Type S. Also, if all
α0, . . . , αk have Type P , then intersection α0 · · ·αk must also have Type P .
Abusing language, we say that the index α0 · · ·αk has Type S or Type P ,
accordingly.
Remark B.3. Using totally convex balls for a Riemannian metric so that
σ acts via isometries, one sees that any S-manifold Y has an equivariant
good cover. Also, these covers form a cofinal family amongst the family of
all equivariant covers of Y .
Lemma B.4 (The local obstruction argument). Let Y be a S-manifold
whose path-components are all contractible. Then, for all p ≥ 0, the complex
Z(p)Br(Y × S) is acyclic, i.e. Hj (Z(p)Br(Y ×S)) = 0 for all j 6= 0.
In particular, Z(p)Br(U) is acyclic if U is a S-manifold of Type S and
Z(p)Br(U ×S) is acyclic if U has Type P .
Proof. Using the isomorphism U × S ∼= U triv × S in Remark B.3(ii), pick
one point in each path component of Y and obtain an equivariant strong
deformation retraction Y ×S ≃ π0(Y )×S, where π0(Y ) is given the discrete
topology. It follows from Proposition 2.4 that one has a quasi-isomorphism
Z(p)Br(Y × S) ≃ Z(p)Br(π0(Y ) × S). Now, the cohomology of the latter
complex gives the bigraded Bredon cohomology groupsH∗,pBr (π0(Y )×S,Z) ∼=
H∗sing(π0(Y );Z(p)). The result follows. 
Let U := {Uα | λ ∈ Λ} be an “equivariant good cover” of Y and let
h =
(
(hiα0···αj ) | i+ j = 2, j ≥ 0
)
be a Cˇech cocycle representing an element
[h] ∈ H2(Yeq;Z(2)Br). The cocycle condition gives:
(48) dBh2α0 = 0 and δh
i
α0···αj = (−1)jdBhi−1α0···αj+1 for all i ≤ 1,
where dB and δ are the differentials in the Bredon and Cˇech complexes,
respectively.
MAIN GOAL:We will find a representative ((gα0α1) , (ρα0)) ∈ Cˇ(U, G0 →
G1) for Φ([H]), satisfying:
δ(gα0α1) = 1;(
gα0α1 · σ∗gα1α1
)
= δ(ρα0);
(σ∗ρα0) = (ρα0).
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Remark B.5. Let [h] be as above. Given a fixed point x0 ∈ Y S, let Uα0
be an element of the cover (necessarily of Type P ) containing x0. Since
Z(p)Br has homotopy invariant cohomology presheaves, one has natural iso-
morphisms Hj(Z(2)Br(Uα0)
∼= Bj,2. It follows from (48) that h2α0 represents
a class in H2 (Z(2)Br(Uα0))
∼= B2,2 ∼= Z×, thus giving an element in Z×.
Notice that this element is the same for any point x ∈ Uα0 ∩ Y S and it
is easy to see that it depends only on the class [h] ∈ H2,2Br (Y S,Z). Hence,
the resulting map S → Z× depends only on [h], and this is an additional
description of the signature map in terms of Cˇech-Bredon cocycles.
The identity δ(h0α0α1α2) = (d
Bh−1α0···α3) gives δ(τh
0
α0α1α2) = 0 and hence,
since E0 is a soft sheaf, one can find f0α0α1 ∈ E0(Uα0α1) such that
(49) (τh0α0α1α2) = δ(f
0
α0α1).
Let p : Y ×S→ Y denote the projection. Given any α0 · · ·αj in the nerve
of the covering U, we use the same notation p : Uα0···αj × S → Uα0···αj to
denote the corresponding projection. For any presheaf F on S-Man and
h ∈ F(Uα0···αj ) let p∗h ∈ F(Uα0···αj ×S) denote the pull-back of h under p.
Type S case:
Recall that if αk is of Type S, for some k = 1, . . . , j, then so is Uα0···αj .
Step 1: If α0 is of Type S, then the local obstruction argument (Lemma
B.4) implies that one can find t1α0 ∈ Z(2)1Br(Uα0) such that
(50) dBt1α0 = h
2
α0 .
Step 2: Assume that both α0 and α1 are of Type S. Since
(51) dB
(
(h1α0α1)− δ(t1α0)
)
= δ(h2α0)− δ(h2α0) = 0,
by the cocycle condition, the local obstruction argument guarantees the
existence of t0α0α1 ∈ Z(2)Br(Uα1α1) such that
(52) dBt0α1α1 = (h
1
α0α1)− δ(t1α0).
Step 3: Here we only consider α0 · · ·αj in the nerve of the cover U for which
all αk’s are of Type S. Observe that
dB
(
(h0α0α1α2) + δ(t
0
α0α1)
)
= −δ(h1α0α1) + δ(dBt0α0α1)
= −δ(h1α0α1) + δ((h1α0α1)− δ(t1α0)) = 0.
Applying τ one obtains d
(
(τh0α0α1α2) + δ(τt
0
α0α1)
)
= 0, and hence Lemma
B.2 (the periods argument) shows that
(να0α1α2) := (τh
0
α0α1α2) + δ(τt
0
α0α1)
consists of locally constant equivariant functions να0α1α2 : Uα0α1α2 → Z(2).
Using (49) one writes
(53) (να0α1α2) = δ
(
f0α0α1 + τt
0
α0α1
)
.
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Step 4: Denote gˆα0α1 := f
0
α0α1 + τt
0
α0α1 and choose a square root i of −1.
Define
(54) gα0α1 = exp
(
1
2πi
gˆα0α1
)
and ρα0 = 1.
The cocycle condition
(55) gα0α1gα1α2gα2α0 = 1
when all α’s are of Type S follows from (53). Since gˆα0α1 −σ∗gˆα0α1 = 0 one
concludes that
(56) gα0α1 · σ∗gα0α1 = 1 = ρβ/ρα
on Uα0α1 and by definition
(57) σ∗ρα = ρα.
Type P case:
Recall that if αk is of Type P , for all k = 1, . . . , j, then so is Uα0···αj .
Step 1: If α0 is of Type P , then the local obstruction argument (Lemma
B.4) gives some tˆ1α0 ∈ Z(2)1Br(Uα0 ×S) such that dB tˆ1α0 = p∗h2α0 .
Given any α0 define
(58) T 1α0 =
{
p∗t1α0 , if α0 is of Type S
tˆ1α0 , if α0 is of Type P ,
and observe that dBT 1α0 = p
∗h2α0 .
Step 2: If either α0 or α1 is of Type P then
(59) dB
(
(p∗h1α0α1)− δ(T 1α0)
)
= 0.
Since B1,2 = 0, it follows from the local obstruction argument (see Remark
B.5) that one obtains tˆ0α0α1 ∈ Z(2)Br(Uα0α1 ×S) such that
(60) dB tˆ0α0α1 = (p
∗h1α0α1)− δ(T 1α0).
Step 3: Here we consider those α0 · · ·αj in the nerve of the cover U for
which one of the αk’s is of Type P . In this case one has
dB
(
(p∗h0α0α1α2) + δ(tˆ
0
α0α1)
)
= 0.
Applying τ one obtains d
(
(τp∗h0α0α1α2) + δ(τ tˆ
0
α0α1)
)
= 0. It follows from
Lemma B.2 that (να0α1α2) := (τp
∗h0α0α1α2)+δ(τ tˆ
0
α0α1) consists of equivariant
locally constant functions Uα0α1α2 ×S → Z(2). In view of Remark 2.9 we
can also consider να0α1α2 as a non-equivariant locally constant function from
Uα0α1α2 to Z(2).
Step 4: Let ı : U ×S→ U ×S be as in Remark 2.9. Observe that
(61) dB
(
ı∗T 1α0 − T 1α0
)
= ı∗dBT 1α0 − dBT 1α0 = h2α0 ı∗p∗h2α0 − h2α0 = 0.
It follows from the local obstruction argument that
(62) ı∗T 1α0 − T 1α0 = dB γ˜0α0 ,
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for some γ˜0α0 ∈ Z(2)0Br(Uα0×S). In particular, one has dB
(
γ˜0α0 + ı
∗γ˜0α0
)
= 0,
and the period argument shows that
(63) τ
(
γ˜0α0
)
+ ı∗τ
(
γ˜0α0
)
= C˜α0 ,
for some equivariant locally constant function C˜α0 on Uα0 ×S with values
in Z(2).
Define g˜α0α1 := p
∗f0α0α1 + τ tˆ
0
α0α1 . Then
(g˜α0α1)− ı∗(g˜α0α1)− δ(τ(γ˜0α0)) = τ tˆ0α0α1 − ı∗τ tˆ0α0α1 − δ(τ(γ˜0α0))(64)
= τ
(
tˆ0α0α1 − ı∗tˆ0α0α1 − δ(γ˜0α0)
)
.
On the other hand, equations (60) and (62) give
dB
(
tˆ0α0α1 − ı∗tˆ0α0α1 − δ(γ˜0α0)
)
= δ
(−T 1α0 + ı∗T 1α0 − dB(γ˜0α0))(65)
= 0,
and hence Lemma B.2 shows that (g˜α0α1)− ı∗(g˜α0α1)− δ(τ(γ˜0α0)) consists of
equivariant locally constant functions from Uα0α1 ×S to Z(2).
Using the notation in Remark 2.9, define gˆα0α1 = F (g˜α0α1) = f
0
α0α1 +
F (τ(tˆ0α0α1)), and γ
0
α0 := Fτ(γ˜
0
α0). With the same choice of square root i of−1 as in the Type S case, define
(66) gα0α1 = exp
(
1
2πi
gˆα0α1
)
and ρα0 = exp
(
1
2πi
γ0α0
)
.
Step 3 shows that
(67) gα0α1gα1α2gα2α0 = 1,
and (64) together with subsequent remarks and properties of the functor F
show that
(68) gα0α1 · σ∗gα0α1 = ρα1/ρα0
on Uα0α1 . Finally, (63) and Remark 2.9 give F (τ(γ˜
0
α0)) + σ
∗F (τ(γ˜0α0)) =
F (C˜α0) := Cα0 . In particular, Cα0 is an equivariant locally constant function
on Uα0 with values in Z(2), and hence(
1
2πi
γ0α0
)
− σ∗
(
1
2πi
γ0α0
)
=
1
2πi
(
F (τ(γ˜0α0)) + σ
∗F (τ(γ˜0α0))
)
=
1
2πi
Cα0 ∈ Z(1)(Uα0).
This gives
(69) σ∗ρα0 = ρα0 .
In other words ((gα0α1), (ρα0)) defines a 1-cocycle in Cˇ
∗(U, G0 → G1). It is
easy to check that this process would send a Cˇech coboundary to a cobound-
ary in Cˇ∗(U, G0 → G1), realizing the isomorphism (47).
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B.2. The proof. We now prove Theorem 5.10.
Proof. Let U be an equivariant good cover of X(C) and fix a cocycle c =
(cr,s)r+s=2 ∈ Cˇ2(U;Z(2)D/R) representing a class in H2D/R(X;Z(2)). Since
cr,s = 0 for r > 2, the cocycle condition is given by
(70) Dc2,0 = 0 and Dcr−1,s+1 = (−1)sδcr,s, r ≤ 1.
Recall that Z(2)D/R = Cone
(
Z(2)Br ⊕ F 2E∗ ι2−→ E∗
)
[−1].
Write
c2,0 =
(
(h2α0), (ω
2
α0), (θ
1
α0)
)
(71)
c1,1 =
(
(h1α0α1), 0, (θ
0
α0α1)
)
(72)
c0,2 =
(
(h0α0α1α2), 0, 0
)
(73)
c−i,2+i =
(
(h−iα0...α2+i), 0, 0
)
, i ≥ 1.(74)
Since Dc2,0 = 0, one has for all α0 ∈ Λ :
dBh2α0 = 0, (by definition) ;(75)
dω2α0 = 0;(76)
τ(h2α0)− ω2α0 + dθ1α0 = 0.(77)
Similarly, Dc1,1 = δc2,0 gives the identities:
(dBh1α0α1) = δ(h
2
α0)(78)
0 = δ(ωα0)(79)
−(τh1α0α1)− (dθ0α0α1) = δ(θ1α0),(80)
Dc0,2 = −δc1,1 gives:
(dBh0α0α1α2) = −δ(h1α0α1)(81)
(τh0α0α1α2) = δ(θ
0
α0α1)(82)
and for all r ≤ 0 one has :
(dBh−r−1α0...α3+r) = (−1)rδ(h−rα0 ...αr+2).(83)
The assignment c := (cr,s) 7→ h := (hiα0···αj ) gives the cycle map from
Deligne to Bredon cohomology. Assume that c ∈ kerΨ, hence Ψ([c]) =
ℵ([h]) = 0. Therefore the Cˇech-Bredon cocycle h is “unobstructed” and we
can apply the arguments in Type S Case above; see (50). Furthermore,
the data in the Cˇech-Deligne complex gives a natural choice for the f0α0α1
introduced in (49). More precisely, one can choose f0α0α1 := θ
0
α0α1 ; cf. (82).
It follows that one can take gα0α1 := exp
(
1
2πi gˆα0α1
)
, with
(84) gˆα0α1 = θ
0
α0α1 + τ(t
0
α0α1),
to obtain a cocycle for the line bundle associated to [h]; cf. (54). However,
one can find an equivalent holomorphic cocycle as follows.
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Write the 1-form aα0 := θ
1
α0+τt
1
α0 = a
1,0
α0 +a
0,1
α0 as a sum of their (1, 0) and
(0, 1) parts, respectively, where t1α0α1 is introduced in (50). Since daα0 =
d
(
θ1α0 + τt
1
α0
)
= dθ1α + dτ(h
2
α0) = ω
2
α0 , cf. (50) and (77), and ω
2
α0 is a form
of type (2, 0) one concludes that
∂¯a0,1α0 = 0(85)
∂a0,1α0 = −∂¯a1,0α0(86)
∂a1,0α0 = ω
2
α0(87)
It follows from the ∂¯-Poincare´ lemma that one can find f0α0 ∈ E0(Uα0) (equi-
variant) such that
(88) ∂¯f0α0 = a
0,1
α0 .
Now define
(89) (g˜α0α1) := (gˆα0α1) + δ(f
0
α0).
Hence,
∂¯g˜α0α1 = {dgˆα0α1}0,1 + δ(∂¯f0α0) =
{
dθ0α0α1 + τ(d
Bt0α0α1)
}0,1
+ ∂¯f0α0
=
{
dθ0α0α1 + τ(h
1
α0α1)− δ(t1α0)
}0,1
+ δ(∂¯f0α0)
=
{−δ(θ1α0)− (τh1α0α1) + (τh1α0α1)− δ(t1α0)}0,1 + δ(∂¯f0α0)
= −δ (θ1α0 + τt1α0)0,1 + δ(∂¯f0α0)
= −δ(a0,1α0 ) + δ(∂¯f0α0) = 0,
cf. (88).
Defining
(90) gα0α1 := exp
(
1
2πi
g˜α0α1
)
one obtains a holomorphic structure (gα0α1) for L. See Remark 5.9(i).
Now, define
(91) ψα0 :=
1
2πi
(
∂fα0 − a1,0α0
)
=
1
2πi
(
dfα0 − θ1α0 − τt1α0
)
.
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It follows from (88) and (86) that ψα0 is a holomorphic 1-form. Furthermore,(
dgα0α1
gα0α1
)
=
1
2πi
{(dgˆα0α1) + δ(dfα0)}
=
1
2πi
{
(dθ0α0α1) + (τd
Bt0α0α1) + δ(∂fα0) + δ(∂¯fα0)
}
=
1
2πi
{−δ(θ1α0)− (τh1α0α1) + τ ((h1α0α1)− δ(t1α0))
+δ(∂fα0) + δ(∂¯fα0)
}
=
1
2πi
−δ((θ1α0) + (τt1α0)︸ ︷︷ ︸
aα0
) + δ(∂fα0) + δ(a
0,1
α0 )

=
1
2πi
{
δ(∂fα0 − a1,0α0 )
}
= δ(ψα0).
See Remark 5.9(ii).
Remark B.6. It follows from (91), (50) and (77) that
dψα0 = −
1
2πi
(
dθ1α0 + dτ(t
1
α0)
)
= − 1
2πi
(
dθ1α0 + τ(d
Bt1α0)
)
= − 1
2πi
(
dθ1α0 + τ(h
2
α0)
)
= − 1
2πi
ω2α0 .
Therefore, (ψα0) defines a holomorphic connection ∇ on the holomorphic
line bundle L associated to (gα0α1). Since both gˆα0α1 and fα0 are equivariant
functions, it follows that
σ∗gα0α1 · gα0α1 = 1,
and this defines a holomorphic isomorphism q : L⊗σ∗L→ 1 which becomes
a positive definite hermitian form on X(R). (See Remark 5.9(iii).) Finally,
the identity σ∗ψα0 + ψα0 = 0 shows that q is parallel with respect to the
connection on L⊗ σ∗L induced by ∇. See Remark 5.9(iv).
We have thus associated to c, with [c] ∈ kerΨ, a triple (L,q,∇) of ele-
ments satisfying the conditions in Definition 5.7. This gives a well-defined
homomorphism
(92) Φ: kerΨ −→ PW∇(X).
We now proceed to show that this is in fact an isomorphism.
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Lemma B.7. There is a natural transformation Θ: PW∇(−)→ H2,2Br (−,Z)
such that for all U ∈ S-Man the following diagram commutes
kerΨU
i //
Φ

H2
D/R(U ;Z(2))
̺

PW∇(U)
ΘU
// H2,2Br (U,Z).
Proof. Using the interpretation of H2,2Br (U,Z) as equivalence classes [L,q] of
pairs as in Proposition 5.3, then ΘU simply sends 〈L,∇,q〉 to [L,q]. 
Injectivity of Φ: Let c′ = (h′, ω′, θ′) be a Cˇech cocyle representing a class
[c′] ∈ kerΨU , and suppose that ΦU([c′]) = 0. Since 0 = ΘU ◦ ΦU([c′]) =
̺ ◦ i([c]), one concludes that [h′] = 0 ∈ H2,2Br (U,Z) and hence, one can
find t ∈ Tot(Cˇ∗(U,Z(2)Br))1 such that dˇBt = h. It follows that c :=
c′− Dˇ(t, 0, 0) = (0, ω, θ) represents [c′] and is simply given by (ω2α0), (θ0α0α1)
and (θ1α0), where ω
2
α0 ∈ F 2E2(U), θ0α0α1 ∈ E0(Uα0α1) and θ1α0 ∈ E1(Uα0).
Let (gα0α1), (ψα0) be constructed as in (90) and (91), representing Φ([c]),
and observe that h = 0 allows one to take t1α0 = 0, t
0
α0α1 = 0 and f
0
α0α1 = 0
(cf. STEPS 1 and 2, and (49)) in their definition. Assuming that Φ([c]) = 0,
one can find (ρα0) satisfying:
ρα0 · σ∗ρα0 = 1, and ρα0 is holomorphic(93)
(gα0α1) = δ(ρα0)(94)
ψα0 =
dρα0
ρα0
.(95)
The latter equation gives 0 = dψα0 = − 12πiω2α0 ; cf. Remark B.6.
Now, the cocycle condition on c = (0, 0, θ) boils down to
(dθ1α0) = 0(96)
(dθ0α0α1) + δ(θ
1
α0) = 0(97)
δ(θ0α0α1) = 0.(98)
Choose ρˆα0 such that exp ρˆα0 = ρα0 and ρˆα0 + σ
∗ρˆα0 = 0, and let f0α0 be
as in (88). Hence, by definition one has
(gα0α1) =
(
exp
1
2πi
{
(θ0α0α1) + δ(f
0
α0))
})
= δ(ρα0)
and
(99) ψα0 =
1
2πi
(
df0α0 − θ1α0
)
=
dρα0
ρα0
= dρˆα0 .
It follows that one can find nα0α1 ∈ Z(Uα0α1) such that
(100)
1
2πi
{
(θ0α0α1) + δ(f
0
α0))
}
= δ(ρˆα0) + (2πi nα0α1).
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Using Lemma B.1 define
(101) ξα0α1 := ξ(2πi)2(nα0α1) ∈ Z(2)0Br(Uα0α1)
and define
(102) b0α0 = 2πiρˆα0 − f0α0 ∈ E0(Uα0).
It is easy to see that δ(ξα0α1) = 0 and that (100) and (102) give
(103) τ(ξα0α1) + δ(b
0
α0) = (θ
0
α0α1).
One obtains a 1-cochain t := ((ξα0α1), 0, (b
0
α0)) ∈ Tot
(
Cˇ∗(U,Z(2)Br)
)1
that satisfies Dˇ(t) = c; cf. (99), (102), (103) and (91). Therefore [c] = 0,
thus showing the injectivity of Φ.
Surjectivity of Φ:
Represent 〈L,∇,q〉 ∈ PW∇(X) by a cocycle (Gα0α1), (ψα0) satisfying
the conditions of Remark 5.9, and let h ∈ Tot (Cˇ∗(U;Z(2)Br))2 be a cocycle
representing the element Θ(〈L,∇,q〉) = [L,q] ∈ H2,2Br (X,Z). Note that
this cocycle is “unobstructed”, in the sense of Type S case. Hence one
can find t1α0 , t
0
α0α1 and f
0
α0α1 as in (50), (51) and (49), respectively. By
definition, gˆα0α1 := f
0
α0α1 + τ(t
0
α0α1) so that gα0α1 := exp
(
1
2πi gˆα0α1
)
is a
cocycle representing the isomorphism class of L as a smooth line bundle
and satisfying the condition gα0α1 · σ∗gα0α1 = 1, which gives the desired q,
positive definite over X(R).
Therefore, one can find smooth functions ρα0 such that
(104)
(
Gα0α1
gα0α1
)
= δ(ρα0) and ρα0 · σ∗ρα0 = 1.
Now, find Gˆα0α1 and ρˆα0 such that exp Gˆα0α1 = Gα0α1 , exp ρˆα0 = ρα0
and satisfying Gˆα0α1 + σ
∗Gˆα0α1 = 0, ρˆα0 + σ∗ρˆα0 = 0.
It follows from (104) that one can find nα0α1 ∈ Z(Uα0α1) such that
(Gˆα0α1) =
1
2πi {gˆα0α1 + δ(ρˆα0)}+ (2πi)nα0α1 . Hence:
(105) 2πiGˆα0α1 = f
0
α0α1 + τt
0
α0α1 + δ(ρˆα0) + (2πi)
2nα0α1 .
Want to find ωα0 , θ
1
α0 , θ
0
α0α1 satisfying:
dωα0 = 0(C.1)
δ(ωα0) = 0(C.2)
δ(θ0α0α1) = (τh
0
α0α1α2)(C.3)
(dθ0α0α1) + δ(θ
1
α0) + τ(h
1
α0α1) = 0(C.4)
ωα0 = dθ
1
α0 + τh
2
α0 .(C.5)
Note that (C.5) implies (C.1).
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It follows from (105) that
2πiδ(ψα0) = 2πidGˆα0α1 = df
0
α0α1 + τ
(
dBt0α0α1
)
+ δ(dρˆα0)
= df0α0α1 + τ
(
h1α0α1 − δ(t1α0)
)
+ δ(dρˆα0)
= df0α0α1 + τh
1
α0α1 + δ
(−τt1α0 + dρˆα0) .
Therefore,
(106) 0 = (df0α0α1) + (τh
1
α0α1) + δ
(−2πiψα0 − τt1α0 + dρˆα0)
Define
θ1α0 := −2πiψα0 − τt1α0 + dρˆα0(107)
θ0α0α1 := f
0
α0α1(108)
ωα0 := −2πidψα0 ,(109)
and observe that the latter is an invariant closed form of Hodge type (2, 0),
since ψα0 is holomorphic. We now proceed to show that these forms satisfy
(C.1)–(C.5).
• dθ1α0 = −2πidψα0 − τ(dBt1α0) = ωα0 − τ(h2α0). This gives (C.5) and
(C.1), as well.
• δ(ωα0) = −2πiδ(dψα0) = −2πidδ(ψα0) = −2πid
(
dGα0α1
Gα0α1
)
=
− 2πid(dGˆα0α1) = 0. This gives (C.2).
• δ(θ0α0α1) = δ(f0α0α1) = (τh0α0α1α2). This gives (C.3).
• It follows from (106) and (107) that 0 = (df0α0α1)+(τh1α0α1)+δ(θ1α0α1)
which, together with (108), implies (C.4).
It follows that c := (h, ω, θ) gives a cocycle in Tot
(
Cˇ∗(U;Z(2)D/R)
)2
such
that [c] ∈ kerΨ.
Finally, one needs to verify that Φ([c]) = 〈L,∇,q〉. At this point, this is
a mere tautology. Following the steps in the definition of Φ, one constructs
(γα0α1), (ξα0) representing Φ([c]).
We first find f0α0 ∈ E0(Uα0) such that ∂¯f0α0 =
{
θ1α0 + τ(t
1
α0)
}0,1
; cf. (88).
Note that, by definition (107), one has θ1α0 + τ(t
1
α0) = −2πiψα0 + dρˆα0 , and
since Ψα0 has Hodge type (1, 0), one concludes that {θ1α0+τ(t1α0)}0,1 = ∂¯ρˆα0 .
Hence, we can choose f0α0 = ρˆα0 .
By definition,
γα0α1 = exp
(
1
2πi
{gˆα0α1 + δ(ρˆα0)}
)
= exp
(
1
2πi
{gˆα0α1 + δ(ρˆα0)}+ (2πinα0α1)
)
= exp(Gˆα0α1) = Gα0α1 .
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Also,
ξα0 =
1
2πi
(
∂ρˆα0 − {θ1α0 + τt1α0}1,0
)
=
1
2πi
(
dρˆα0 − {θ1α0 + τt1α0}
)
=
1
2πi
(2πiψα0) = ψα0 .

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